Asymptotic Analysis of Risk Premia Under Linear Risk Sharing
with Law-Invariant Risk Measures*

Thomas Knispel Roger J. A. Laeven!
Department of Business and Economics Department of Quantitative Economics
Berlin School of Economics and Law University of Amsterdam, CentER

thomas.knispel@hwr-berlin.de and EURANDOM

R.J.A.Laeven@uva.nl

Gregor Svindland
Institute of Actuarial and Financial Mathematics and House of Insurance
Leibniz University Hannover

gregor.svindland@insurance.uni-hannover.de

June 23, 2026

Abstract

We investigate the asymptotic behavior of the risk premium associated with a linear
risk sharing contract in an infinitely expanding risk pool. We consider general preferences
represented by law-invariant robust utility functionals. These preferences encompass the
rank-dependent utility model as a special case. We also examine Pareto optimality of gen-
eral and, in particular, linear risk sharing rules with these preferences. Our analysis is not
limited to the classical i.i.d. setting, but allows for heterogeneous risks. Two case studies
on actuarial pricing for independent but heterogeneous risks illustrate our results.

Keywords: Risk premium; Risk sharing; Pareto optimality; Large risk pools; Heteroge-
neous losses; Law invariance; Probabilistic sophistication; Rank-dependent utility.

AMS 2010 Classification: Primary: 91B06, 91B16, 91B30; Secondary: 60E15, 62P05.

JEL Classification: D81, G10, G20.

*We are very grateful to Hans Follmer, Frank Riedel, Mitja Stadje and participants at the 2024 workshop on
the Foundations and Applications of Decentralized Risk Sharing (FADeRiS) in Ulm for comments and sugges-
tions. This research was funded in part by the Netherlands Organization for Scientific Research (Laeven) under
grants NWO VIDI-2009 and VICI-2019/20.

fCorresponding author.



1 Introduction

Sharing of risk, or risk exchange by redistributing risk among economic agents, is at the heart
of economics, insurance and finance. Its potential benefits and welfare implications have been
analyzed in a large literature that starts with Borch [6, 7] Arrow [2], Wilson [45] and DuMouchel
[14]; see also the early Arrow [I]. As the benefits of risk sharing often grow with the multiplicity
n of risks, there are clear incentives for the formation of large pools of risk. For such pools,
by the Law of Large Numbers (whenever valid), the average risk is close to its expected value.
That is, by redistributing and subdividing risks in a sufficiently large pool, a nearly riskless
situation can be established [

In this paper, we are concerned with the speed at which the benefits of risk sharing grow
when forming large risk pools. The convergence of the average risk—i.e., the canonical equal
risk sharing contract in homogeneous risk pools—to its expected value already follows from
the Law of Large Numbers, with corresponding convergence rate nE| We are interested in the
economic evaluation of the risk sharing contract, viewed through the lens of the risk premium,
rather than the convergence of the risk sharing contract itself. The limiting behavior of the
risk premium is, however, more delicate.

This paper explicitly derives the limiting behavior of the risk premium associated with
linearly shared risks in an infinitely expanding pool of risks. We assume general preferences
represented by law-invariant robust utility functionals, encompassing rank-dependent utility
preferences. Our analysis allows for heterogeneous initial loss distributions, as long as the
sequence of risks satisfies independence, a Law of Large Numbers and a Central Limit Theorem.

We establish that the convergence rate, i.e., the ‘speed’ at which the benefits of risk sharing

grow with the multiplicity of risks, can be of order n or only n'/?

, depending upon the agent’s
precise preferences determining the risk premium. We prove that a rate of order n essentially
necessitates expected utility preferences, whereas genuinely robust preferences lead to a slower

/2 As a by-product, we show that this dichotomy can be linked

convergence rate of order n
to first- and second-order risk aversion (Segal and Spivak [42]) and examine a measure of
first-order risk aversion that occurs naturally in our analysis.

We focus attention on linear or, more generally, affine risk sharing rules. This type of risk
sharing is widely assumed in the literature and in practice, see Huang and Litzenberger [27] and
Pratt [37], because the corresponding risk sharing rules are easy to communicate to different
stakeholders, can readily be implemented, and can be justified under standard expected utility
preferences. However, an open question is whether this type of risk sharing is optimal under
general preferences. We give a partial answer to this question by studying Pareto optimality

of general and, in particular, linear risk sharing rules for the large class of preferences under

1See Samuelson [AT] for an insightful perspective.
2See Prop. 3.1 in Denuit and Robert [I5] for an extension of this result to linear risk sharing rules.



consideration. This is based on a generalization of Borch’s ([6]) theorem that we provide. Given
the relevance of Borch’s theorem as well as the popularity of linear risk sharing, this part of
the paper may be of independent interest.

This paper fits to the rapidly growing literature on the problem of risk sharing under general
preferences; see e.g., Carlier and Dana [8], Heath and Ku [26], Barrieu and El Karoui [3| 4],
Dana and Scarsini [12], Jouini, Schachermayer and Touzi [2§], Filipovi¢ and Svindland [20],
Dana [I3], Follmer and Knispel [22], Laeven and Stadje [32], Ravanelli and Svindland [39],
and the references therein. To our best knowledge, except in trivial cases, these papers do
not establish the asymptotic behavior of the associated risk premia. In [29], we analyze the
counterpart of this problem for homogeneous i.i.d. risks, hence simple equal (1/n) risk sharing,
with standard preferences that are restricted to be linear in probabilities.

The outline of this paper is as follows. In Section 2] we introduce the model and in particular
the class of preferences we are considering. Section [3| contains the main result on the limiting
behavior of the corresponding risk premium. Section [4] is devoted to the question of Pareto
optimality of general and, in particular, linear risk sharing rules. Applications in actuarial
pricing for large portfolios with independent but heterogeneous risks are presented in Section

Some longer proofs and auxiliary results are collected in the Appendix.

2 Preliminaries

We fix an atomless probability space (§2, F, P) and denote by E[-] and Var (-) the expectation
operator and the variance, respectively, with respect to the reference probability measure P.
Likewise, we write Eq [-] for the expectation operator with respect to a probability measure Q).

We consider preferences on payoffs that can be numerically represented by U o u where u
is a utility function on the real numbers and the coherent criterion ¢/ : L' := L'(Q, F, P) —» R

satisfies the following conditions:
i) superadditivity: U(X +Y) = U(X) +U(Y) for all X,Y € L,
ii) positive homogeneity: U(tX) = tU(X) for all t > 0 and X € L,

iii) monotonicity: U(X) < U(Y) whenever X,Y € L! are such that X <Y (:& P(X <Y) =
1),

iv) cash-additivity: U(X +a) =U(X) +a for all X € L', a e R,

v) law-invariance: U(X) = U(Y) whenever X € L' and Y € L! share the same distribution
under P denoted by X 4 Y,

vi) continuity: U(X,) — U(X) whenever the sequence (X,)peny = L' and X € L! satisfy
limy o0 E [| X, — X[] = 0.



Note that U is normalized (U/(0) = 0) and satisfies U(a) = a for any constant a € R. An
application of the Fenchel-Moreau theorem shows that U satisfies conditions i)-vi) if and only

if U is a robust expectation

U(X) = Em[X] = jnf Eo[X]. (2.1)
where M is a non-empty law-invariant set of probability measures on (2, ) that are absolutely
continuous and have uniformly bounded densities with respect to P, see e.g., [9, Corollary 4.2].
Law-invariance of M means that for all Q, Q" « P with dQ/dP 4 dQ'/dP we have Q € M if
and only if Q' € M, see [0, Corollary 5.2].

As regards the utility function u, we assume that v : R — R u {—o0} is a concave utility
function that is increasing and strictly increasing on its domain domu := {z € R | u(z) > —0}.
Note that u is continuous on the interior of dom u, see [21, Proposition A.4]. Allowing u to take
the value —oo enables us to incorporate utility functions such as the power utility or logarithmic
utility, which are simply set to equal —o0 outside their domain [0, c0) or (0, o), respectively.

Note that by Jensen’s inequality Eq [u(X)] < u(Eg [X]) for any X € L! also when u(X)
takes the value —oo with positive probability under @. In particular, Eqg [u(X)] € R U {—o0}
is well-defined for any X e L! and thus U(u(X)) = infgem Eg [u(X)] is also well-defined,
possibly taking the value —oo. We will thus view U o u as a function mapping L' to R U {—o0}.
As we do not require strict concavity, the linear case u(z) = id(z) := z, € R, in case of which
Uou = U, is also part of our analysis. However, in general, if u  id, U o u will not equal ¢ and
will thus in particular not be superadditive, positively homogeneous, or cash-additive. Clearly,
U ou preserves law-invariance, and a type of continuity, namely U (u(X,,)) — U(u(X)) whenever
the sequence (X, )nen © L' and X € L! satisfy lim,, o E[| X, — X|] = 0 and (u(X,,))neny < L*
is uniformly integrable. Moreover, superadditivity of ¢ implies concavity of U o u.

Preferences represented by U ou are sometimes referred to as probabilistically sophisticated
Gilboa-Schmeidler ([24]) preferences, and cover the popular rank-dependent utility (RDU)
model (Quiggin [38]), which in turn encompasses Yaari’s [46] dual theory of choice under risk
and the expected utility model as special cases. For the connection between law-invariance and
probabilistic sophistication introduced by Machina and Schmeidler [35], we refer to Marinacci
[36], Maccheroni, Marinacci and Rustichini [34], Strzalecki [43], and Ravanelli and Svindland
[39].



3 Limiting Behavior of the Risk Premium under Linear Risk

Sharing

3.1 Risk Premium

Let v > 0 denote an economic agent’s initial wealth level. Consider a risk X € L'. Then the
risk premium 7 (v, X) (if it exists) with respect to U o u is given by any real number 7 (v, X)
such that v + E[X] — m(v, X) € domu and

Uu(v+ X)) =u(v+E[X]—7m(v,X)). (3.1)

The risk premium is such that the economic agent is indifferent between bearing the risk X
or receiving the expectation E[X] of the risk and paying the risk premium. As the utility
function u is assumed to be strictly increasing on its domain and thus invertible, if the risk

premium exists, then
(v, X) i=v+B[X] —ut (U (u(v+ X)), (3.2)

where ©™! : Im(u) := {u(x) | * € domu} — R denotes the inverse function of u, that is,
u~tou(z) = x for all x € domu. Henceforth, we let v = 0 without losing generality, and set
m(X) := m(0, X). Indeed, note that m(v+ X) = 7(v, X), and therefore the limiting behavior of
the risk premium for non-trivial v follows from the limiting behavior of the risk premium with
zero initial capital by adding v to the risk. We will call a risk X € L' compatible with (U, u) if

the risk premium 7(X) exists.

3.2 Linear Risk Sharing

We consider a large portfolio consisting of n risks modeled as independent random variables
X1,...,Xp, n €N, on (Q,F,P) and denote by S, := X7 + ...+ X,, the aggregate position.
We do not limit the discussion to the classical i.i.d. setting, but also allow for heterogeneous,
however independent, risks. The classical framework with identically distributed risks appears
as a special case.

A risk sharing rule (Y7, ...,Y},) is a decomposition S, = Y7 +...+Y], such that the random

variable Y; is reallocated to the risk 7. In practice, linear risk sharing rules of type
Y = BIX] + a (S, — B[S,]). (3.3)

given by numbers a?, > 0,i = 1,...,n, n € N, such that Dy al, = 1, are of particular impor-
tance since they can readily be implemented, and at the same time are easy to communicate

to different stakeholders. Here the af, may depend on the risks X; and Sy, i = 1,...,n. Promi-



nent examples of linear risk sharing rules include (e.g., [15]; assuming that all quantities in the

following are well-defined):

e Proportional rule:

ai,prop — E [XZ]
" E[S,]
e Linear regression rule:
- Var (X
anres = ar (Xi) where o2 := "' | Var(X;).

o Mean-variance rule:
G = B4 (1= Ba e (0,1),

Remark 3.1 (Homogeneous sequence of random variables) Suppose that the indepen-
dent random variables (X;)ien C L? are homogeneous in the sense that, for allie N, E [X:] =
E[X1] and Var (X;) = Var (X1). Then the proportional, the linear regression, and the mean-

variance risk sharing rules coincide and correspond to the equal risk sharing rule, i.e.,
i,prop __ . ireg __ _4mv __ 1 d Y" = lS f Ni=1
ay) =a, *=a," = an i =5 foralli=1,...,n.

3.3 Asymptotic Behavior

In the following, for a given linear risk sharing rule (3.3), we analyze the decay of the risk
premium
m(Y") = m(E[X,] + aj,(Sy — E[Sn]))

for all ¢ < n if the portfolio size n tends to oo.

Theorem 3.2 Assume that U : L' — R satisfies properties i)-vi). Assume further that u
and v~ are continuously differentiable on the interior of their respective domains and that the

sequence (X;)ien < L? obeys
e (X;)ien are independent,
e the strong law of large numbers: (S, —E[S,]) = 0 P-a.s.,
o the central limit theorem: S} = i(Sn —E[S.]) A N(0,1) where o2 = Y"" | Var(X;),
e Im(X;) c intdomwu for all i € N.

Consider a linear risk sharing rule of type . Further assume that for i € N



o Y is compatible with (U,u) and Im(Y;") < intdomu for all n € N such that n > 1,

e there is G; € L? such that |/ (Y;*)| < G; for all n € N such that n > 1,

e and that
supaln < oo and ¢; := limsup+/na’,o, < 0. (3.4)
neN 1<N—00
Then we have that
limsupv/n 7(Y") < —;U (Z), (3.5)
1<N—00

where Z is a standard normal random variable under P. If

lim sup v/nal o, = liminf v/nal oy, (3.6)
i<n—00 1SN—0
then
lim (YY) = —qU(Z). (3.7)
1<N—0

Moreover, if U(X) = E[X], u is two times continuously differentiable on the interior of its
domain, and the X;, © € N, are uniformly bounded, then

limsupn 7(Y;") < ~R(E[X;])(¢)?, (3.8)

1<n—00

DN |

and in case of
lim 0 w(¥7") = S R(E[X) ()

1<n—00

where R(x) = —u(x)/u'(x) denotes the Arrow-Pratt coefficient of absolute risk aversion.

The proof of Theorem is provided in Appendix [A] Note that in the homogeneous case of
Remark and for a!, = 1/n we have that \/na’o, = 1/Var (X1) for all i,n € N, and thus
¢; = 4/ Var (X7) for all i € N. Then, Theorem simplifies to:

Corollary 3.3 Under the conditions stated in Theorem |3.2, suppose further that the (X;)en
are homogeneous in the sense that, for i e N, E[X;] = E[X1] and Var (X;) = Var (X1). Then
lim \/n 7(S,/n) = —/Var (X1)U (Z). (3.9)

n—o0

Moreover, if U(X) = E[X] and u is two times continuously differentiable on the interior of its
domain, then
1
lim nn(S,/n) = iR(E [Xi])Var (X1). (3.10)

1<n—00



Remark 3.4 An independent sequence (X;)ien < L? meets the conditions required in Theo-
rem [3.4 whenever this sequence satisfies both

e Kolmogorov’s condition for the strong law of large numbers:

Var(X; )
Z M < oo, see [19, VII.8 Theorem 3],

2
(3
€N

e Lindeberg’s condition for the central limit theorem: for allt > 0

1< :
lim — > E[|Xi - E[Xi] PLyx,mixaisten] =0, see [I8, VIIL4 Theorem 3].

The rate n in (3.8]) shows that if ¢(-) = E[-], then the limit in (3.5) should equal 0, which
is indeed the case since U(Z) = E[Z] = 0. In the following, we will see that the rate of
convergence n as in (3.8]) is essentially obtained if and only if #(-) = E[-]. To this end, for a

random variable X, we denote by
gx(t) :=inf{m e R|P[X <m] > t}, te]0,1], (3.11)

its (left-continuous) quantile function, where inf ¢ := co0. Let

1
AM) := -U(Z) = sup Eg[—Z] = sup f qz(8)qaq (s) ds, (3.12)
QeM QeM Jo ap

where Z is a standard normal random variable and the set of probabilities M is given by a dual
representation . Note that the last equality in follows from law-invariance of M and
[21, Lemma 4.60], realling that ¢_z = gz due to the symmetry of the normal distribution. Even
though the @ probabilities in M have bounded densities with respect to P, in the following

we extend the discussion by relaxing this boundedness condition and only asking for

1
Jo qZ(s)q%g (s)ds < o0. (3.13)

Denote by P the set of all probability measures @ on (€2, F) such that @Q « P and (3.13)) is
satisfied. For any non-empty M < B let

1
A(M) = sup f 42(5)duq (5) ds.
QeM Jo ap

We state the following proposition:

Proposition 3.5 Let M,.MV c B be non-empty and law-invariant. Then:



1. AM) = 0.
2. M < M implies A(M) < AM).
3. AM)=0 & M={P} & Emq[]=E[].

Proof 2. is obvious. Next, we prove 1.: Let @@ € 8. Using the symmetry of the quantile

function of the standard normal distribution, we find that

N =

Ll qz(s)qg (s) ds = fo QZ(% +5) (ch”cg(; +5) — q%(% _ 3)) ds,

where the function

1 1 1
(0.5) 25 asg (G +9) - agg (-9 (3.14)
2 ar 2 ar 2

is non-negative and qz(% + s) is strictly positive for s € (0, %) Hence, it follows that

fl qz(8)qag(s)ds =0 (3.15)
0 dP

for all @ € B, and therefore A(M) > 0. As for 3., suppose that A(M) = 0. By this
implies that indeed S(l] qz(s)q%(s) ds = 0 for all @ € M. But that can only happen if the
function given in (3.14]) equals the constant zero function. The latter however implies that
Q = P, so M = {P}. The other implications are easily verified. O

Proposition implies that a convergence rate n as in of Theorem essentially
necessitates U(-) = E[-]. More precisely, assume that ¢; > 0. If lim;<, o n 7(Y;") exists as a
real number, we must have lim, < /., v/n 7(Y;") = 0, and hence U(Z) = 0, that is, A(Q) = 0,
soU =E[].

Remark 3.6 The dichotomy of Theorem FEqns. and , is comnected to, and
suitably modifies, first- and second-order risk aversion introduced by Segal and Spivak []Z];
see also Lang [33] and Eeckhoudt and Laeven [17]. Segal and Spivak [{2] show that the risk
premia have distinct limiting behavior for ‘small’ risks under RDU and under expected utility:
under the RDU model, risk aversion is a first-order phenomenon, whereas under the expected
utility model risk aversion is a second-order phenomenon; see also Eeckhoudt and Laeven [17),
Section 5.3. Small risks are risks of type v +tY, where v = 0 denotes an initial capital and Y
is sufficiently integrable, for instance normally distributed with mean E[Y] = 0 and variance
Var(Y) = 1. In fact, similar analysis as in the proof of Theorem shows that

tm %u_l Uu(v + 1Y) = —U(Y). (3.16)



This corresponds to first-order behavior in the sense of [{2] unless U(Y) = 0. Indeed, if the
rate t is identified with %«u then (3.16) equals

Tim Vnu™?t <U(u(v + \2))) = lim /nm <@, \2) =-UY).

Let (X;)ien be i.i.d. with zero mean and Var(Xi) > 0. For large n € N we have that 7 is

almost normal with zero mean and variance Var(Xy). Hence, by law-invariance, continuity,

and positive homogeneity of U,

i Su) _ im +/nmw viVar(Xl)Z = — ar
lim /nm <v,n> —711_)00\/7 ( , NG > v/ Var(X,)U(Z),

n—0o0
where the random wvariable Z is standard normal under P. Therefore, (3.9), and also more
generally (3.5), may be seen as corresponding to first-order risk aversion providedU(Z) # 0. If
U(Z) =0, that is, U(-) = E[-] according to Proposition we have (3.8), which is—similar

to above—naturally identified with second-order risk aversion.

Remark 3.7 By analogy to R(E[X]), which is a measure of second-order risk aversion, A(M)
may be interpreted as a measure of first-order risk aversion. The measure A(M) may be
evaluated analytically in a wide variety of cases, e.qg., under RDU with probability weight-
ing/distortion function of the power type ([10,[16]) or induced by the Esscher-Girsanov trans-
form ([25, [31)]).

We end this section by showing that it is possible that the right-hand side in (3.5)) equals
zero, even though U(Z) # 0. That, of course, requires ¢; = 0.

Example 3.8 Let (X;)ien be independent, satisfying the central limit theorem (Lindeberg con-
dition), such that E[X;] = In(i) and Var(X;) = In(v4), i € N. In this case, we have
E[S,] =In(n!) and 0% = Var (S,) = 1 In(n!). But this yields

propi . _ _—In(i) [ n )
Vnay Gn_\/ﬁln(n!) %ln(n!)— ln(n!)\/gln(z)’

i. e, &P = limypo0 v/nab o, = 0. Similarly, we obtain

In(v4) n .
In(n!) 3 In(n!) = \/ ln(n!)ﬁln(\/z)’

1
2

Ve, = /i

reg

i.e., ¢, - = limpyp \/ﬁafleg’ian = 0. Note that the strong law of large numbers holds due to

10



Kolmogorov’s condition

Var (X; 1« In(i levi 1 1
e I I DR

€N ieN ieN €N

in view of the convergence of the generalized harmonic series.

4 Pareto Optimality of Linear Risk Sharing

Since we assume linear risk sharing in Section [3| a natural question is whether such risk sharing
rules are Pareto optimal when all agents share the same preferences given by U o u. In this
section, we address this question. Without loss of generality, in the following, we will always

work with the maximal set
QU)={Q « P|dQ/dP e L*,VY e L' : Eq [Y] = U(Y)},

for which we obtain U = Eg .

For given n € N and X € L', consider the set of allocations

Ap(X) := {(Zl,ZQ, o Zy) e (LY i Z; = X} .
=1

We recall the definition of Pareto optimality:

Definition 4.1 An allocation (Zy,Za,...,Zy) € Ap(X) such that U(u(Z;)) > —oo for all
i =1,...,n is called Pareto optimal if for all (Y1,Ya,...,Yy) € Ayp(X) we have that U(u(Y;)) =
U(u(Z;)) for alli=1,...,n implies that U(u(Y;)) = U(u(Z;)) for alli=1,...,n.

The following lemma, which states that the equal risk sharing rule is Pareto optimal, is

folklore, but we provide a short proof of the sake of completeness.

Lemma 4.2 For any X € L', the equal risk sharing rule (X/n,...,X/n), allocating X uni-

formly among the n agents, is Pareto optimal.
Proof Consider any (Y1,...,Y,) € Ap(X), s.t.
Vie{l,...,n} Uu(Yi))=Uu(X/n)).

By concavity of U o u,



Hence, it follows that
Uu(Yr)) = U(u(X/n)),

for all i = 1,...,n. Thus, X/n is a Pareto optimal allocation of X. O

Therefore, if the sequence Xj, ¢ € N, is homogeneous as in Remark [3.1] then the propor-
tional, the linear regression, and the mean-variance risk sharing rules, all coinciding with the
equal risk sharing rule, are Pareto optimal.

A more general result on the existence and characterization of Pareto optima is the following
Proposition which is a generalization of Borch’s theorem ([6]). To this end, we recall that
an allocation (Z1, Za,...,Z,) € Ap(X) is Pareto optimal only if there exist Negishi weights
A1 =0,...,A, = 0such that >} ; \; > 0 and

n n
V(Y1 .., Vo) € An(X) Y AU (u(Z:) = D) AU (u(Y7)). (4.1)
i=1

i=1

In fact, is also sufficient if all Negishi weights are strictly positive, that is, any allocation
(Z1,Za,...,2Zy) € Ap(X) satisfying with \; > 0,7 =1,...,n, is Pareto optimal. Moreover,
in case the criterion U ow is strictly monotone, an allocation (71, Zs, ..., Z,) € A, (X) is Pareto
optimal if and only if holds.

Proposition 4.3 Suppose that u is differentiable on int domw. Let X € L' and suppose that
the allocation (Z1,...,Zy,) € Ap(X) satisfies Borch’s condition:

there exist A1, ..., A\p > 0 such that \u'(Z1) = ... = M\ (Zy). (4.2)

(Here we, of course, implicitly assume that Im(Z;) < intdomw so that u'(Z;) is well-defined

oralli=1,...,n.) Moreover, suppose that (Z1,...,Z,) admit a joint supergradient, that is,
pp J perg

there is a probability measure Q € Q(U) such that

U(u(Z;)) = Eq [u(Z;)]  foralli=1,...,n. (4.3)
Then (Z,...,Zy) is Pareto optimal.

The following proof is a generalization of Borch’s proof.

Proof Consider any other allocation (Y7,...,Y,) € A, (X). Borch’s condition (see Borch [6] or
recall the Kuhn-Tucker theorem [40], Corollary 28.3.1]) ensures that

i=1

=1

12



and thus . .
2 A [u(Z:)] = Y Mg [u(Y:)].
i=1 i=1

Hence, recalling that U(-) = inf reo@s) Er[],

n

YVAU(Z:)) = Y. NEq [u(Z:)] = Y AiEq [u(Yi)] = Y. At (u(Yy),
1=1 1=1

=1 i=1

and Pareto optimality of (Z1,..., Z,) follows. ]

Remark 4.4 A closer inspection of the proof shows that in fact a more general version of
Pmpositionfor concave instead of coherent (positively homogeneous and superadditive) U;

(allowed to depend on i) is true, which may be of independent interest and is provided in
Appendiz[B.

Apart from the well-known Borch’s condition, Proposition requires condition ,
which is a joint supergradient of the criterion at each point of the allocation. The following
Proposition shows that this condition is typically satisfied in case of a comonotone coherent
criterion U and a strictly comonotone allocation (Z1,...,Z,). To this end, let us recall the

definition of comonotonicity:

Definition 4.5 An allocation (Z1,...,Z,) € Ap(X) is called comonotone if Z; = fi(X) for a
non-decreasing function f; : R — R, i = 1,...,n, and Y, fi = idgr where idg denotes the
identity mapping on R.

A comonotone allocation (Zy,...,7Zy,) € Ap(X) is called strictly comonotone if the above func-

tions f;, i =1,...,n, can be chosen to be strictly increasing.
A function U : L' — R is called comonotone if U(X 1y Zi) = Yo U(Z;) for any comonotone
allocation (Z1,...,Zy,) € Ap(X) for all X € L' and n e N. IfU also satisfies conditions i)-vi),

then we call U a comonotone coherent criterion.

Note that any linear risk sharing rule of type defines a comonotone allocation of
S, that is strictly comonotone whenever a’, > 0, i = 1,...,n. Indeed, Y;* = f;(S,) where
filz) =alz+ (E[X;] —aiE[Sy]), zeR,i=1,...,n.

In the following, we briefly recall a well-known representation result for comonotone coher-

ent criteria based on building blocks of the form
1 (>
Un(X) := AJ qx(t)dt, XeL' \e(0,1], (4.4)
0

where the (left-continuous) quantile function ¢x of X is given in (3.11]). Note that Uy(X) =
— AV@R,) (X) where AV@R), denotes the Average Value at Risk or Expected Shortfall, which
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is a prominent capital requirement in risk management, see, e.g., Follmer and Schied [21]
for a detailed discussion of the Average Value at Risk. We have U;(-) = E[-], and we set
Up(X) := essinf X by convention. In particular, if A € (0,1], then U satisfies the conditions
i)-vi) of Section [2| As regards the dual representation of Uy () we have (see e.g., Follmer and
Schied [21], Section 4.4)])

14 (X) = guin Fq [X]. (45)
where
aQ 1
0y 1= QUy) = {Q «P%9 < A}, e (0,1], Qo= Q) = {Q < P}.

Up to sign change, a comonotone coherent criterion U is also known as a concave distortion
risk measure and can be represented as a mixture of building blocks (4.4) as follows (Fdllmer
and Schied [21, Sections 4.6 and 4.7]):

UKX) = Uy (X) = o] Un (X) p(dX). (4.6)

Here, 1 is a probability measure supported on [0, 1].

Proposition 4.6 Suppose that U,, satisfies u({0}) = 0 and
1
j —p(d\) < oo. (4.7)
(0,1] A

Then condition (4.3)) is satisfied for every strictly comonotone allocation (Z1,...,Zy,) € Ap(X)
such that Im(Z;) < domwu for alli =1,...,n. A joint supergradient Qx is given by the density

dQx |
ap L X(l{X<qX()\)} + KA X)L x =gy ()} 1(dN),
where
4\ X) = 0 ifP(X =qx(A\) =0
T | A=) irp(x = gy (M) > 0
P(X=qx(\)) ax

Proof Step 1: Assume that p = dy, that is, U, (X) = Uy, for some X € (0,1]. For Y € L!, the
probability measure QQy given by the density

aQy 1
ap X(l{Y<qy(>\)} + E(/\’Y)l{yzq”()‘)}%

where
0 fP(Y =qy(A) =0

A—P(Y A . ’
At S P(Y = gy (V) > 0

r(ANY) = (4.8)
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satisfies Qy € Qy and Uy(Y) = Eq, [Y], see for instance [2I, Remark 4.53]. As Z; = f;(X)
where f; : R — R is strictly increasing, and as u o f; is increasing on domu, it follows that
u(fi(gx(s))) is a quantile function of u(Z;) and indeed qy,z,)(s) = u(fi(gx(s))) for all s € (0,1)
outside an at most countable set, see [2I, Lemma A23]. Note that u o f; is indeed strictly

increasing on dom u, and therefore

{(X <axV)} = {u(Zi) <u(filax(V))}

and
{X =ax(N)} = {u(Zi) = u(filax (M)}

gv being the left-continuous quantile function implies that either gy(z,)(A) = u(fi(qx(A))) or
Qu(z)(A) < u(fi(gx(N))) and

P(u(Zi) € [qu(z,)(A), u(fi(gx (X)))]) = 0.

Thus P(X < gx(A) = P(u(Zi) < quz,)) and P(X = qx(A\) = P(u(Zi) = quz,(A)), and

hence, P-a.8., 1ix<gx ()} = Hu(Z)<auzy™} 8094 Lx=ax(V} = Hu(Z)=quiz,(vy- This implies
that Qx = Qq(z, for alli =1,...,n and that Ux(u(Z;)) = Eq [u(Z;)] for alli =1,...,n.

Step 2: Now consider U, such that x({0}) = 0. By (4.6) and Fubini, for all Y € L,

1 1
UY) = L E [A(l{qu(x)} + K()‘?Y)l{Y=qy(>\)})Y:| p(dA)

1
= E UO X(l{wqy(x)} + 1A Y) Ly —gy 1) 1(dN) Y] :

where k(A,Y) is given in (4.8)). Let
b
ox = L X(l{X<qX()\)} + KA X)L x =gy ()} 1(dN). (4.9)

The density ¢x with respect to P defines a probability measure Q% on (£, F) such that
Uu(X) = Egu [X]. For any of the at most countable atoms A € {a € [0,1] | u({a}) > 0} of p

(if there are any) we observe that,

Lix<ax ) = HuZ)<quz, ™y @04 Tix—ge 0} = Yuz)=quz 00y P-a-s,

as in step 1. Otherwise, the set of A € (0, 1] where g,(z,)(\) < u(fi(gx(}))) is at most countable.

Hence, ¢,(z,) = ¢x, and we obtain U,,(u(Z;)) = Eq[u(Z;)] for all i = 1,...,n. Finally, we
verify that indeed Q% € Q(U,). The condition S(o 1 +1(dX) < oo implies that ¢x is bounded.

15



Moreover, for all Y € L', by Fubini and (4.5)), we have

1
Eqx[Y]=E[pxY] = L E B(l{XqX(A)} + f’v(>\7X)1{X—qx(A)})Y] p(dA)
1
> L UY)ud) = UY). (4.10)
[l

Propositions and imply:
Corollary 4.7 Let U = U, as in ({4.6) where ({0}) = 0 and suppose that condition (4.7)

holds. Further, suppose that u is differentiable on int domu and that the strictly comonotone
allocation (74, ..., 7Z,) € Ap(X) of X € L satisfies Borch’s condition ([£.2)). Then (Z1,...,Zy)

is Pareto optimal.

Corollary 4.8 LetU = U, as in where u({0}) = 0 and is satisfied. Further suppose
that w is either a power utility, that is, u(x) = %x”, x>0, (and u(x) = —o0 if x < 0) where
~v € (0,1), or a logarithmic utility, that is, u(x) = log(z), x > 0, (and u(x) = —oo if x < 0).
For X € L' such that P(X > 0) = 1 any allocation of type

Zl ICLIX,...,ZTL :anX (411)

for some constants a; >0, i =1,...,n, such that 3", a; = 1 is Pareto optimal. In particular,

the proportional risk sharing rule of the aggregate risk S, given by (3.3) and a! = E%ﬂ 18

Pareto optimal.

Proof Borch’s condition reads

M2 = = N2 (4.12)
for constants A\; > 0, ¢ = 1,...,n, where the logarithmic case corresponds to v = 0. For an
allocation of type (4.11), ([#.12) is satisfied for \; = (a;)*™, i = 1,...,n. Hence, (4.11)) is
Pareto optimal according to Corollary [4.7] O

The following result shows that for utilities u as in Corollary and U(-) = E[], the
proportional risk sharing rule is essentially the only linear risk sharing rule of type (3.3) that
defines a Pareto optimal allocation of S,, = X1 +...+ X, for any choice of positive initial risks
X1,..., X

Lemma 4.9 Let U = E[-] (that is, p = 61 in ([4.6)) and u be as in Corollary[{.8 Assume
that Sy, is a discrete positive random variable taking at least two distinct values. Then the
proportional risk sharing rule is the only linear risk sharing rule of type (3.3)) that defines a

Pareto optimal allocation of S,.
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Proof Let (Z1,...,7Z,) € A(X) with P(Z; >0) =1,i=1,...,n, be aPareto optimal allocation
of the discrete positive random variable X = >7 | 14, where zj > 0 and P(4) > 0 for all
k € N. Assume further that also Z; = >, Z/ilAk for all i = 1,...,n (which is for instance
the case for any comonotone allocation, and thus for any allocation given by linear risk sharing
rules). According to Lemma below, there must exist Ay > 0,..., A, > 0 such that

n

YIAE[u(Z)] = Y MNE[u(Y))] (4.13)
=1

i=1

for any other allocation (Y1,...,Y,) € A(X). By the Kuhn-Tucker theorem ([40, Corollary
28.3.1]) we must have
VEeN: M(z) = = (z2)! (4.14)

Indeed, (4.14)) is a necessary and sufficient condition for
n ) n
VkeN: Z Aiu(zg) = Z Aiu(yq)
i=1 i=1
for all (y1,...,yn) such that > ;y; = xp. If ( - ) is not satisfied, then there is a k and

(1,-..,Yn) such that 3 | y; = z; and 37" Au(z ) < > 1 Aiu(y;). Consider the allocation
(Z1,...,2Zy) € A(X) given by

0
Ziz Z Zli:lAk"i_yilA,;‘
k=1k+#k
Then
S AE [u( })] = 1 P4 Y Nulzh) + P(Ay) ) Au(y)
i=1 keN\{E} i=1 =1
> ) P(Ag) Z u(zp)

keN

— SIAE[(Z)]
=1

a contradiction to (4.13)). Now suppose that in addition Z; = a; X + b; where a; > 0, b; € R,
i=1,...,n,such that > ja; =1, > ; by = 0. By (4.14)

1 1

Vi=1,...,nVke N N (amzg +b) =\ " (a1zy + by).

Assummg that X takes at least two dlstmct values, the previous relation can be satisfied if and

only if A\~ 1 = A lal and A~ 1b = A" lbl for all i = 1,...,n. Recalling that )", b; = 0,
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we conclude that by = 0 and thus b; = 0 for all ¢ = 1...,n. Now identify X = S, for the
aggregate risk S, = Y | X; and a risk sharing Z; of type (3.3). In that case a; = al, and
bi = E[X;] — a},E[S,]. The necessary condition for Pareto optimality b; = 0 now implies

OJ

Lemma 4.10 Let U(-) = E[], and suppose (Z1,...,Z,) € Ap(X) is a Pareto optimal allo-
cation of X € L'. Then the corresponding Negishi weights in ([&.1]) have to satisfy \; > 0,

1=1...,n.

Proof Suppose w.l.o.g. A\; = 0 and Ay > 0, then altering the allocation (Z1, Zs, ..., Z,) € Ap(X)

to (Z1, Zay ..., Zy) = (Z1 — k, Zoy + k, ..., Zy) for k > 0 yields
3 NEq [U(Zi)] = NEq[u(Zs + k)] + Y NEq [u(Z)]
i=1 i=3

> MoEq [u(Z2)] + D \iEq [u(Z:)]
1=3

= 3 Alg [u(Z)

since the strict monotonicity of u implies that Eq [u(Z2 + k)] > Eq [u(Z2)]. ]

Finally, we generalize further to robust expectations of type

Ur(X) = infU,(X) = inff Uy (X) p(dN), (4.15)
pel’ pel’ (0’1]

where M1 ((0,1]) is the set of (Borel) probability measures on (0,1] and I' = M;((0, 1]) is not
empty. From Kusuoka [30] (see also Follmer and Schied [21], Corollary 4.63], Dana [I1], and
Frittelli and Rosazza Gianin [23]) we know that, upon a sign change, all law-invariant coherent
risk measures are of the form E| The following lemma gives a sufficient condition for
L'-continuity of Ur.

Lemma 4.11 Suppose that there exists p € T' such that (4.7) holds. Then Ur is Lipschitz

continuous with respect to Ll-convergence.

Proof Indeed, by superadditivity of Up

Ur(X —Y) <Up(X) —Up(Y) < —Up(Y — X).

#Note that the required continuity from above in [21], Corollary 4.63] is automatically satisfied, see [44].
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Further, from the dual representation of Uy in (4.5)) we infer that

Up(X) = infUy(X) = inf |  Us(X)u(dN)
pel pel (0,1]
> inff minE[—dQ|X|} (d\) = E[—|X]]infj ! (dN)
- },LEF (071] QGQ,\ dP ILL - ,U,EF (071] )\Iu ’

In sum we obtain

U (X) = Ur(Y)| < max{=Up(X = Y),Ur(Y = X)} < B[IX ~ Y[] inf j(o ; (),

which proves the Lipschitz-continuity of Ur. |

If the condition of the previous lemma is satisfied, then Ur meets the requirements i)—vi) of
Section [2} and thus Ur = Eg(y.). Under the condition that the utility u is linear, the following
Proposition shows that any linear risk sharing provides a Pareto optimal allocation
of S,,. Also note that this result holds in particular for criteria U, or Uy, which all fall under
the class Ur.

Proposition 4.12 LetU = Ur as in and suppose that all € T satisfy . Moreover,
assume that Ur(Y') = ming,er U, (Y), i.e., the infimum in is always attained. If u = idg
is the linear utility and if the allocation (Z1,...,%Zy,) € An(X) of X € L' is affine, that is,
Zi = a;X +b; fora; >0, b; €eR, i =1,...,n, such that Y a; = 1, and >}, b; = 0, then
(Z1,...,2Zy) is Pareto optimal.

Proof By assumption,

Up(X) = minlh,(X) = U, (X) = Eg, [X], (4.16)

vell

where px € I' and Qx is given by the density (4.9) (with p = px). Note that Qx € Q(Ur)
since

Ur(Y) = Igleilgluy(Y) <SU (Y) < Egy[Y]
for all Y € L', where the last inequality is shown in . implies
Eq[X] <Eq[X] forall Qe Q(Ur).
Hence, also

EQX [ZZ] = aiEQX [X] +b; < aiEQ [X] +b; = EQ [ZZ] for all Q € Q(UF)

The latter implies that Ur(Z;) = Eq, [Z;] for all i = 1,...,n. Noting that Borch’s condition is
trivially satisfied when u(z) = x, we conclude by invoking Proposition O
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Example 4.13 For exponential utility u(x) = 1 — exp(—vyz), v > 0, x € R, Borch’s condition

takes the form
Arexp(—yZ1) = ... = Apyexp(—vZ,)

for constants Ay > 0, ¢ = 1,...,n. This is clearly satisfied for the equal risk sharing rule, but

does not hold for other affine allocations (or linear risk sharing rules) unless X is constant.

5 Applications

5.1 Actuarial Pricing in Tariff Cells

Insurance companies use certain characteristics to decompose their portfolio of insurance poli-
cies into homogeneous groups, so-called tariff cells. If the number of policies within a tariff cell
is large, then the premium of the idiosyncratic risks is derived from the law of large numbers
as the expected claims amount per policy plus a suitable safety loading. Note that in this
paper the random variables X7, Xo, ... model payoffs—that is, minus risks—so that X, Xo, ...
corresponds to the insurer’s payoffs resulting from a portfolio of insurance contracts. If the
insurance company uses a utility-based premium calculation for the tariff cell, that is, charging
minus the certainty equivalent —u~(U(u(Y;"))) of policyholder i’s share of the pool, where
(Y*,...,Y?) is a linear risk sharing of type , then the implied safety loading equals the

n

risk premium 7(Y;") since by (3.2)
E[-Y]+7(Y]") = —u™ U (u(¥]")).

Note that, in the above expression, E [—Y;"] is the expected loss of policyholder i’s share of the
pool, whereas —u™ (U (u(Y;"))) is the target premium.

The tariff cells are in general not completely homogeneous since there is a trade-off between
homogeneity and a sufficiently large number of contracts per tariff cell, i.e., the portfolio de-
composition relies on some main characteristics only, while other characteristics are not taken
into account. Let us assume partial inhomogeneity within a tariff cell in the sense that the
means E [X;] and variances Var (X;), i € N, slightly fluctuate around the mean and the variance

of a reference risk, say X1, i.e., there exist constants ¢, > 0 such that
E [Xz] € [E [Xl] -6 E [Xl] + 6], Var (X,L) € [Var (Xl) — 0, Var (Xl) + 6]

In this case, we obtain—depending on the linear risk sharing rule—lower and upper bounds
c;’lb and c%’Ub for \/ﬁai{'an that according to Theorem provide lower and upper bounds for
the decay of the risk premium: More precisely, we identify the following bounds, assuming that
E[Xi1]+e<O:
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e Proportional rule: For aiP™P := EES% the term

X Var (X))

VnakProPg, = - E[X;
Zj:l E [Xj] Xl
satisfies
i,prop \/n n(Var (Xl) - 5) 1_V Var (Xl) -9 1 _. prop;lb
VnaiP*Pe, > WE[G] = 0 E[X;] TEX] - E[X;] =:¢ ,
i prop Vion(Var (X1) +60) o0 yVar(Xa) £ 0 pop
VnaiP* P, < DB+ o E[X;] Bt E[X;] =: ¢ :

e Linear regression rule: If \/nay; S0, = ?Var (X;), hence
n

Cgeg,lb - Var (XZ) < \/ﬁaiirego_n < Var (XZ) — c?eg’Ub

o Var (X)) + 6 VVar (X)) =0 '

e Mean-variance rule: For ai™ = BaiP™P + (1-— ﬁ)ai{reg, B € (0,1), the bounds take the
form

C;nv,lb — ﬁC?rOp’lb + (1 _ ﬁ)c§eg,lb7 Cznv,ub — Bcg)rop,ub + (1 i B)C£6g7Ub-

5.2 Actuarial Pricing with Deductibles

To motivate policyholders to prevent damage or to bear minor damages themselves, insur-
ance contracts often include deductibles. Policyholders can usually choose the amount of the
deductible and thus reduce their premium by covering a part of the damage. Suppose that
the original damages of the policyholders are described by the non-negative i.i.d. random vari-
ables C,Cq,.... If each policyholder can choose an individual deductible d; € [0,d*], then
the insurance company must only bear the claims amount (C; — d;)* per policyholder i € N.
In our setting, this corresponds to the financial positions X; = —(C; — d;)*, i € N. Note
that X1, X, ... is still a sequence of independent random variables, but in general subject to
heterogeneity due to the different deductibles.

An analogous situation arises if we interpret d;, ¢ € N, as thresholds of different stop-loss
reinsurance contracts for independent underlying losses C1, Co, . . ..

We assume that P(C; > d*) > 0 such that E[X;] = E[—(C; —d*)*] < 0. Since
d; — —(c¢ — d;)" is non-decreasing, we obtain the estimate E[X;] = E[—(C; —d;)T] €
[E[-C1],E[—(Cy — d*)*]]. Moreover, Var (X;) = Var (—(Cy — d;)") € [0, 02ax] for con-

stants 0 < 2. < o2

Sin < Omax- Theorem [3.2f provides lower and upper bounds for the decay of the

risk premium:
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e Proportional rule: For aiP™P := EES% the term

X Var (X))

1,prop — ElX;
\/ﬁan On Z?:I E [X]] [ ’L]
satisfies
2
M Omin _ElCi—d)] o propb

nai,propan > Y " E[-(C;—d; +] — Omin =: C 5
Vi ] e R e Al A 11 ’

) /n-n-o2 E [(C _ d')+]
1,prop < -1 Opax El- —d)t] = 1 ] —. prop,ub'
\/’ﬁan On n - E [_(Cl _ d*)+] [ (Cl ’L) ] E [(Cl _ d*)+]0max Cz

Note that

. (N

E [(Cl - d*)+] < prop,lb < cprop,ub o
—_— SE& < 4]3 [(Cl — d*)""] max

Omin & G 1 E N,
E[C1]

i.e., we even obtain uniform bounds for all deductibles in the interval [0, d*].

o Linear regression rule: If \/nay; o, = gVar (X;), hence
n

2 Var (X; ; Var (X; 2
O < c;eg,lb = ( Z) < \/ﬁagrega_n < ( l) - ;‘eg,ub < omz’ix
Tmax Omax Omin Tmin
e Mean-variance rule: For ay; = Ba;* + (1 — B)an %, B € (0,1), the lower and upper

bounds take the form

C;nv,lb — BC’};rop,lb + (1 _ B)Cieg,lb’ Cinv,ub — Bcgrop,ub + (1 N B)C;‘eg,ub’

respectively.

5.3 Bounds for Rate of Convergence for Concave U/

Suppose that the monotone criterion ¢ : L' — R instead of being superadditive and positively
homogeneous is only concave, that is, U(AX +(1—\)Y) = XA(X)+(1—NU(Y) for all X € [0, 1]
and X,Y € L'. Then, U admits a robust representation

UKX) = dnf (Eq [X]+5(Q)),

where M is a set of probability measures on (€2, F) as in (2.1)) and 8 : M — [0, 0] is a penalty

function, see e.g., [5]. Denoting by U = Eaq the corresponding coherent criterion, we obtain
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the estimate U(X) < U(X) for all X e L'. Thus, the risk premium
T(E[X:] + ay,(Sn — E[Sa]) = E[Xi] — ™' U(u(E [Xi] + a;,(Sn — E[S4]))))

with respect to U satisfies 7 < 7. Together with Theorem this yields an upper bound for

the rate of convergence

limsup /27 (E [X;] + a7, (S, — E[Sn])) < —eild(Z),

1<n—00

where Z is a standard normal random variable with respect to the reference measure P.
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APPENDIX

A Proof of Theorem [3.2

Lemma A.1 In the setting of Theorem we have that U (S}) — U(Z), where Z is a

standard normal random variable.

Proof Let U be a uniformly distributed random variable on (0,1), and denote by ¢, any
quantile function of S}, for instance the left-continuous one given in (3.11). Then ¢, (U) and
S# are identically distributed, n € N, and also ®~1(U) and Z are identically distributed,
where ® denotes the cumulative distribution function of Z. Since S} is assumed to converge
in distribution to Z, the corresponding quantile functions converge pointwise. Moreover, by

Holder’s inequality
E[lg.(U) — @' (U)*] <E[(SE)?]| +E[Z2%] + 2[E[qn(U)@ ' (U)] | < 1+1+2=4.

Thus (g, (U)—® 1 (U))nen is uniformly integrable by the de Vallée-Poussin theorem. Lebesgue’s
convergence theorem now implies E [|g,(U) — 71 (U)|| — 0, that is, g,(U) converges in L' to

®~Y(U). Therefore, and by L!-continuity and law-invariance of U,

lim U(S7) = lim U(ga(U)) = U@ () = U(2).

n—0o0

O

Proof of Theorem|3.4 We start by computing a Taylor expansion of u(E [X;] +a (S, —E[S,]))
around E [X;] up to the first order:

w(E[X;] + a’(Sn — E[Sn])) = w(E[X;]) + v/ (Yn.)ak (S, — E[S,]). (A1)

Here, Y,,; is a random variable taking values between E [X;] +a, (S, —E[S,]) and E [X;]. Note
that the requirement |u’(E[X;] + a’, (S, — E[S.]))| < G; for all n € N where G; € L? implies
that there exists an H; € L? such that v/(Y,;) < H; for all n € N, because v’ is non-negative

and decreasing on int dom« and hence
0 < (Vi i) < max{el (B[X,]), o/ (B[X,] + a, (S, — E[S,])}-

In particular, by (A.1]) and Holder’s inequality it also follows that u(E [X;] +a% (S, —E[S,])) €
L' for all n e N.
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Next, by cash-additivity of &/ and invoking the first-order Taylor expansion of u ™,

w (U (w(BX] + @S —BISa)) = ™ (U (u(E[Xi]) + o' (Vi)ap(Sa = ELS]))
= ! (u (E[X:]) +U (U/(Yn,i)a%(sn —E [Sn])))

+ yn)U (U/(Yn,i)afw(sn —E [Sn]))
= E[Xi]+ (™) (yn) U (¢ (Yn)al (Sn — E[Sh]))

with vy, € [u (E[X;]),u (E[X3])+U (W (Yn,i)al, (S, — E[Sn]))]. Hence, by positive homogeneity
of U

—/n (u_l), (yn)U (u’(Yn,i)aiL(Sn —E [Sn]))
—vnogal, (w™) (y) U (' (Yni)SE) -

\/ﬁW(E [Xz] + G;L(Sn —E [Sn]))

According to Lemma
U(S) U (2). (A2)

where Z is a standard normal random variable. By superadditivity,
U (Yoi)Sy) — U (E[X])ST) = U((u' (Vei) — /' (B[X]))S7).

As 1(S,—E[S,]) = 0 P-a.s. and sup,cy a’,n < o by assumption, we have af,(S, —E [S,]) — 0
P-as. and thus Y,,; — E[X;] P-as. for n — o. Now Hoélder, continuity of «’, and the

dominated convergence theorem (recall that u/(Y,,;) < H; € L? for all n € N) imply

B[ (V) — W/ (BLX)SE] < E[(82)2)? B[ (Yas) — v/ (B[X:])?]?

[/ (Vi) — /(B[ Xi]))*]? — 0.

E
E
Hence, L!-continuity of U yields U((v/ (Vs ;) — v/ (E[X;]))SF) — 0, and similarly,
UL E[X])SE) — U (Vi) S5) = U((W/(E[XG]) — o' (V) S5) — 0.
Therefore, and by positive homogeneity and ,
i U (u! (V) ) = i o (B XU (53) = of (B [XDU(D)

Finally, we show that y,, — u(E[X;]) and hence

w1y _ 1 R
) W) = T T W EED
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Indeed, another application of Holder’s inequality yields

1
2

B [/ (Vo i)d (Sn ~ BISD] < B[H2)2 i [(S, ~ BIS.)?]" < B[H2) don — 0,

since limsup,,_,., v/nat,0, < o implies lim, .o a’,0, = 0. Hence, L!-continuity of U yields
U (v (Yn;)a (S, —E[Sp])) — 0, which implies that y, — u(E[X;]). Thus we obtain
noting that —U(Z) = 0 according to Proposition and eventually also (3.7]).

The proof of is a generalization of the proof of [29, Theorem 2.5]. This time we

compute the Taylor expansion of u of order 2 around E [X;]:

u(E[X;] +al, (S, —E[S,]) = wE[X;]) + v/ (E[Xi])al (S, —E[S,]) +

+%“”(Zn,i) (43S ~ B[Su])".

where Z,; takes values between E [X;] and E [X;] + a},(S, — E[S,]). Taking expectations we

obtain
E[u (E[X] + a,(Sn —E[Sn]))] = w(E[X;]) + 0 + %E [u”(Zm-) (a,(Sn —E [sn]))Q] :
Next we take the Taylor expansion of u~! around the point u(E [X;]) to obtain
u! (E [u (E [X;] + afl(Sn —E [Sn]))])
=yt <u(E [Xi]) + 1E [u”(Zm-) (ab (S, —E [Sn]))2]>

2
, 1

—u o u(E[Xy]) + (u ) (zns) [u”(Znﬂ-) (ai(Sy — B [Sn]))2]

2
al )2y p o2
= [Xz] 4 (u_l)l(zn,i)( n) (];’ [X]) n
+ (u’l)'(zm)%E [(u"(Zm) —u"(B[Xi])) (a},(Sn —E [Sn]))2] : (A.3)

where z, ; € [u(E [Xi]) + E [u”(Zm) (af,(Sp, — E [Sn]))z] ,u(E [XZ])] Hence,

(ap)*u" (B[Xi])oy

nm(Y;") = fn(u_l)’(zm)

7

where

i i= (07 (2 ) 5B (0 (Zn) = W (BLXD) (a4 (Sa ~ BISD)?].

2

By assumption we have limsup,,_,,, na%,0? = c¢?. Moreover, as in this case we assume that the
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X; are uniformly bounded and sup,,cy na, < o0, it follows that Z,; is bounded. Therefore,

E [u”(Zm-) (ai(Sp — B [sn]))Q] < K(ai)20?

n n’

where K > 0 is a constant and (a’,)?c2. It follows that z,, — E[X;] and thus

1 1
—1y/ ) — N )
o) = 1)) T WERD
It remains to prove that A,; — 0. As the X; are uniformly bounded, (S, — E[S,])/n is
uniformly bounded (for all n € N) by the same constant. Hence, there is a constant K7 > 0

such that |a’, (S, — E[X;])| < K1, because sup,,cy nal, < . By Holder’s inequality

Bl € @ ) SB[ () — o (BIXD)] B[] (S0 — B[S
< Y ) SB[ (Zg) — /(B IX)P)? B [(ah (S~ B[S, Ky
= (Y (o) 4 @) [ (Zng) — " (BLX]))
(w1 (z) is convergent, thus bounded, limsup,,_,, n(a%)?02 = ¢, whereas
B[ (Z) — u'(BIX)] 0
by dominated convergence. n

B Pareto Optimal Allocations and Borch’s Condition

We recall that a function & : L' — R U {—o0} is upper semi-continuous whenever its upper
level sets Ly, := {X € L' |U(X) = k} are closed in (L', E[|-[]) for all k € R.

Proposition B.1 Suppose that U; : L' — R U {—0} are monotone, concave, and upper semi-
continuous functions, i = 1,...,n. Moreover, suppose that uy,...,u, : R > Ru {—w0}, i =
1,...,n, are increasing and strictly increasing and differentiable on the interior of the respective
domains intdomu;, i = 1,...,n. Let X € L' and suppose that the allocation (X1,...,X,) €
A, (X) satisfies Borch’s condition:

there exist A1, ..., Ap > 0 such that Mu)(X1) = ... = ul,(X,). (B.1)
Moreover, suppose that there is a probability measure Z € (;_, domU;* such that

Ui(ui(Xi)) = E [Zwi(Xi)] = U (Z)
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foralli=1,...,n. Then (X1,...,X,) is Pareto optimal. Here,
®(7\ __ : 7 _ 7 0
U (Z)= inf E [ZX] UX), ZelL®,

denotes the dual function ofU;, i1 =1...,n

Proof Note that by the Fenchel-Moreau theorem, [I8, Part One, Proposition 3.1] we have for
alli=1,...,n

UY) = inf E [zy] —Ur(2). (B.2)

The Kuhn-Tucker theorem [40), Corollary 28.3.1] ensures that

i=1 i=1

for all (Y1,...,Y,) € A, (X). By monotonicity of the ; we have that Z > 0 and therefore also

n

PN INE[Zui(Xi)] = D) NE[Zui(V7)] .

i=1 =1

The condition on Z and (B.2]) yield

n n n n
DAl (ui (X)) = > (B [Zui(X5) > Y N(E[Zui(V5) 2
i=1 i=1 i=1 im1
Hence, Pareto optimality of (X1,...,X,,) follows. O

The proof of the following result is a straightforward generalization of the proof of Corol-

lary [£.7]

Corollary B.2 Let U; = Uy, i = 1,...,n, for p € My((0,1]) such that p({0}) = 0, and

suppose that
1
J —p(dX) < oo
(0,11 A

Further, suppose that uy,...,u, : R > Ru {—w®}, i = 1,...,n, are increasing and strictly
increasing and differentiable on the interior of the respective domains intdomwu;, i = 1,...,n. If
the allocation (Z1, ..., Z,) € Ay (X) of X € L' satisfies Borch’s condition and Z; = fi(X)
for some strictly increasing functions f; : R — R, i = 1,...,n, such that Y} | fi = id, then

(Z1,...,2Zy) is Pareto optimal.

Example B.3 Consider the exponential utility functions u;(x) = 1 — exp(—viz), v > 0,
i=1,...,n. Then Borch’s condition (B.1) reads

Av1exp(—=71Z1) = ... = Ao exp(—1mZn)
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for constants \; > 0, i = 1,...,n. This condition is satisfied if and only if Z; = %aX + b;,
1=1,...,n, for constants a,by,...b,. The side constraint X = Z?:l Zj implies Z?:l ,Yija =1
and Z?:I bj = 0. Hence, any allocation

(1)
Z; = — Zf X+b, i=1,...,n,
Vi \j=1 i

is Pareto optimal whenever U; = U,,, i = 1,...,n, for p € M((0,1]) such that u({0}) = 0 and
S0) Fu(dX) < 0.
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