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1 Introduction

Sharing of risk, or risk exchange by redistributing risk among economic agents, is at the heart

of economics, insurance and finance. Its potential benefits and welfare implications have been

analyzed in a large literature that starts with Borch [6, 7] Arrow [2], Wilson [45] and DuMouchel

[14]; see also the early Arrow [1]. As the benefits of risk sharing often grow with the multiplicity

n of risks, there are clear incentives for the formation of large pools of risk. For such pools,

by the Law of Large Numbers (whenever valid), the average risk is close to its expected value.

That is, by redistributing and subdividing risks in a sufficiently large pool, a nearly riskless

situation can be established.1

In this paper, we are concerned with the speed at which the benefits of risk sharing grow

when forming large risk pools. The convergence of the average risk—i.e., the canonical equal

risk sharing contract in homogeneous risk pools—to its expected value already follows from

the Law of Large Numbers, with corresponding convergence rate n.2 We are interested in the

economic evaluation of the risk sharing contract, viewed through the lens of the risk premium,

rather than the convergence of the risk sharing contract itself. The limiting behavior of the

risk premium is, however, more delicate.

This paper explicitly derives the limiting behavior of the risk premium associated with

linearly shared risks in an infinitely expanding pool of risks. We assume general preferences

represented by law-invariant robust utility functionals, encompassing rank-dependent utility

preferences. Our analysis allows for heterogeneous initial loss distributions, as long as the

sequence of risks satisfies independence, a Law of Large Numbers and a Central Limit Theorem.

We establish that the convergence rate, i.e., the ‘speed’ at which the benefits of risk sharing

grow with the multiplicity of risks, can be of order n or only n1{2, depending upon the agent’s

precise preferences determining the risk premium. We prove that a rate of order n essentially

necessitates expected utility preferences, whereas genuinely robust preferences lead to a slower

convergence rate of order n1{2. As a by-product, we show that this dichotomy can be linked

to first- and second-order risk aversion (Segal and Spivak [42]) and examine a measure of

first-order risk aversion that occurs naturally in our analysis.

We focus attention on linear or, more generally, affine risk sharing rules. This type of risk

sharing is widely assumed in the literature and in practice, see Huang and Litzenberger [27] and

Pratt [37], because the corresponding risk sharing rules are easy to communicate to different

stakeholders, can readily be implemented, and can be justified under standard expected utility

preferences. However, an open question is whether this type of risk sharing is optimal under

general preferences. We give a partial answer to this question by studying Pareto optimality

of general and, in particular, linear risk sharing rules for the large class of preferences under

1See Samuelson [41] for an insightful perspective.
2See Prop. 3.1 in Denuit and Robert [15] for an extension of this result to linear risk sharing rules.
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consideration. This is based on a generalization of Borch’s ([6]) theorem that we provide. Given

the relevance of Borch’s theorem as well as the popularity of linear risk sharing, this part of

the paper may be of independent interest.

This paper fits to the rapidly growing literature on the problem of risk sharing under general

preferences; see e.g., Carlier and Dana [8], Heath and Ku [26], Barrieu and El Karoui [3, 4],

Dana and Scarsini [12], Jouini, Schachermayer and Touzi [28], Filipović and Svindland [20],

Dana [13], Föllmer and Knispel [22], Laeven and Stadje [32], Ravanelli and Svindland [39],

and the references therein. To our best knowledge, except in trivial cases, these papers do

not establish the asymptotic behavior of the associated risk premia. In [29], we analyze the

counterpart of this problem for homogeneous i.i.d. risks, hence simple equal (1{n) risk sharing,

with standard preferences that are restricted to be linear in probabilities.

The outline of this paper is as follows. In Section 2, we introduce the model and in particular

the class of preferences we are considering. Section 3 contains the main result on the limiting

behavior of the corresponding risk premium. Section 4 is devoted to the question of Pareto

optimality of general and, in particular, linear risk sharing rules. Applications in actuarial

pricing for large portfolios with independent but heterogeneous risks are presented in Section 5.

Some longer proofs and auxiliary results are collected in the Appendix.

2 Preliminaries

We fix an atomless probability space pΩ,F , P q and denote by E r¨s and Var p¨q the expectation

operator and the variance, respectively, with respect to the reference probability measure P .

Likewise, we write EQ r¨s for the expectation operator with respect to a probability measure Q.

We consider preferences on payoffs that can be numerically represented by U ˝ u where u

is a utility function on the real numbers and the coherent criterion U : L1 :“ L1pΩ,F , P q Ñ R
satisfies the following conditions:

i) superadditivity: UpX ` Y q ě UpXq ` UpY q for all X,Y P L1,

ii) positive homogeneity: UptXq “ tUpXq for all t ě 0 and X P L1,

iii) monotonicity: UpXq ď UpY q whenever X,Y P L1 are such that X ď Y (:ô P pX ď Y q “

1),

iv) cash-additivity: UpX ` aq “ UpXq ` a for all X P L1, a P R,

v) law-invariance: UpXq “ UpY q whenever X P L1 and Y P L1 share the same distribution

under P denoted by X
d
“ Y ,

vi) continuity: UpXnq Ñ UpXq whenever the sequence pXnqnPN Ă L1 and X P L1 satisfy

limnÑ8 E r|Xn ´X|s “ 0.
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Note that U is normalized (Up0q “ 0) and satisfies Upaq “ a for any constant a P R. An

application of the Fenchel-Moreau theorem shows that U satisfies conditions i)–vi) if and only

if U is a robust expectation

UpXq “ EMrXs :“ inf
QPM

EQ rXs , (2.1)

whereM is a non-empty law-invariant set of probability measures on pΩ,Fq that are absolutely

continuous and have uniformly bounded densities with respect to P , see e.g., [9, Corollary 4.2].

Law-invariance of M means that for all Q,Q1 ! P with dQ{dP
d
“ dQ1{dP we have Q PM if

and only if Q1 PM, see [5, Corollary 5.2].

As regards the utility function u, we assume that u : R Ñ R Y t´8u is a concave utility

function that is increasing and strictly increasing on its domain domu :“ tx P R | upxq ą ´8u.
Note that u is continuous on the interior of domu, see [21, Proposition A.4]. Allowing u to take

the value ´8 enables us to incorporate utility functions such as the power utility or logarithmic

utility, which are simply set to equal ´8 outside their domain r0,8q or p0,8q, respectively.

Note that by Jensen’s inequality EQ rupXqs ď upEQ rXsq for any X P L1 also when upXq

takes the value ´8 with positive probability under Q. In particular, EQ rupXqs P R Y t´8u
is well-defined for any X P L1 and thus UpupXqq “ infQPM EQ rupXqs is also well-defined,

possibly taking the value ´8. We will thus view U ˝u as a function mapping L1 to RYt´8u.
As we do not require strict concavity, the linear case upxq “ idpxq :“ x, x P R, in case of which

U ˝u “ U , is also part of our analysis. However, in general, if u ı id, U ˝u will not equal U and

will thus in particular not be superadditive, positively homogeneous, or cash-additive. Clearly,

U ˝u preserves law-invariance, and a type of continuity, namely UpupXnqq Ñ UpupXqq whenever

the sequence pXnqnPN Ă L1 and X P L1 satisfy limnÑ8 E r|Xn ´X|s “ 0 and pupXnqqnPN Ă L1

is uniformly integrable. Moreover, superadditivity of U implies concavity of U ˝ u.

Preferences represented by U ˝u are sometimes referred to as probabilistically sophisticated

Gilboa-Schmeidler ([24]) preferences, and cover the popular rank-dependent utility (RDU)

model (Quiggin [38]), which in turn encompasses Yaari’s [46] dual theory of choice under risk

and the expected utility model as special cases. For the connection between law-invariance and

probabilistic sophistication introduced by Machina and Schmeidler [35], we refer to Marinacci

[36], Maccheroni, Marinacci and Rustichini [34], Strzalecki [43], and Ravanelli and Svindland

[39].
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3 Limiting Behavior of the Risk Premium under Linear Risk

Sharing

3.1 Risk Premium

Let v ě 0 denote an economic agent’s initial wealth level. Consider a risk X P L1. Then the

risk premium πpv,Xq (if it exists) with respect to U ˝ u is given by any real number πpv,Xq

such that v ` E rXs ´ πpv,Xq P domu and

U pu pv `Xqq “ u pv ` E rXs ´ πpv,Xqq . (3.1)

The risk premium is such that the economic agent is indifferent between bearing the risk X

or receiving the expectation E rXs of the risk and paying the risk premium. As the utility

function u is assumed to be strictly increasing on its domain and thus invertible, if the risk

premium exists, then

πpv,Xq :“ v ` E rXs ´ u´1 pU pu pv `Xqqq , (3.2)

where u´1 : Impuq :“ tupxq | x P domuu Ñ R denotes the inverse function of u, that is,

u´1 ˝ upxq “ x for all x P domu. Henceforth, we let v “ 0 without losing generality, and set

πpXq :“ πp0, Xq. Indeed, note that πpv`Xq “ πpv,Xq, and therefore the limiting behavior of

the risk premium for non-trivial v follows from the limiting behavior of the risk premium with

zero initial capital by adding v to the risk. We will call a risk X P L1 compatible with pU , uq if

the risk premium πpXq exists.

3.2 Linear Risk Sharing

We consider a large portfolio consisting of n risks modeled as independent random variables

X1, . . . , Xn, n P N, on pΩ,F , P q and denote by Sn :“ X1 ` . . . ` Xn the aggregate position.

We do not limit the discussion to the classical i.i.d. setting, but also allow for heterogeneous,

however independent, risks. The classical framework with identically distributed risks appears

as a special case.

A risk sharing rule pY1, . . . , Ynq is a decomposition Sn “ Y1` . . .`Yn such that the random

variable Yi is reallocated to the risk i. In practice, linear risk sharing rules of type

Y n
i :“ E rXis ` a

i
npSn ´ E rSnsq, (3.3)

given by numbers ain ě 0, i “ 1, . . . , n, n P N, such that
řn
i“1 a

i
n “ 1, are of particular impor-

tance since they can readily be implemented, and at the same time are easy to communicate

to different stakeholders. Here the ain may depend on the risks Xi and Sn, i “ 1, . . . , n. Promi-
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nent examples of linear risk sharing rules include (e.g., [15]; assuming that all quantities in the

following are well-defined):

• Proportional rule:

ai,prop
n :“

E rXis

E rSns
.

• Linear regression rule:

ai,reg
n :“

Var pXiq

σ2
n

where σ2
n :“

řn
i“1 VarpXiq.

• Mean-variance rule:

ai,mv
n :“ βai,prop

n ` p1´ βqai,reg
n , β P p0, 1q.

Remark 3.1 (Homogeneous sequence of random variables) Suppose that the indepen-

dent random variables pXiqiPN Ă L2 are homogeneous in the sense that, for all i P N, E rXis ”

E rX1s and Var pXiq ” Var pX1q. Then the proportional, the linear regression, and the mean-

variance risk sharing rules coincide and correspond to the equal risk sharing rule, i.e.,

ai,prop
n “ ai,reg

n “ ai,mv
n “ 1

n and Y n
i “

1

n
Sn for all i “ 1, . . . , n.

3.3 Asymptotic Behavior

In the following, for a given linear risk sharing rule (3.3), we analyze the decay of the risk

premium

πpY n
i q “ πpE rXis ` a

i
npSn ´ E rSnsqq

for all i ď n if the portfolio size n tends to 8.

Theorem 3.2 Assume that U : L1 Ñ R satisfies properties i)–vi). Assume further that u

and u´1 are continuously differentiable on the interior of their respective domains and that the

sequence pXiqiPN Ă L2 obeys

• pXiqiPN are independent,

• the strong law of large numbers: 1
npSn ´ E rSnsq Ñ 0 P -a.s.,

• the central limit theorem: S˚n :“ 1
σn
pSn ´ E rSnsq

d
Ñ Np0, 1q where σ2

n “
řn
i“1 VarpXiq,

• ImpXiq Ă int domu for all i P N.

Consider a linear risk sharing rule of type (3.3). Further assume that for i P N
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• Y n
i is compatible with pU , uq and ImpY n

i q Ă int domu for all n P N such that n ě i,

• there is Gi P L
2 such that |u1pY n

i q| ď Gi for all n P N such that n ě i,

• and that

sup
nPN

ainn ă 8 and ci :“ lim sup
iďnÑ8

?
nainσn ă 8. (3.4)

Then we have that

lim sup
iďnÑ8

?
n πpY n

i q ď ´ci U pZq , (3.5)

where Z is a standard normal random variable under P . If

lim sup
iďnÑ8

?
nainσn “ lim inf

iďnÑ8

?
nainσn, (3.6)

then

lim
iďnÑ8

?
n πpY n

i q “ ´ci U pZq . (3.7)

Moreover, if UpXq “ E rXs, u is two times continuously differentiable on the interior of its

domain, and the Xi, i P N, are uniformly bounded, then

lim sup
iďnÑ8

n πpY n
i q ď

1

2
RpE rXisqpciq

2, (3.8)

and in case of (3.6)

lim
iďnÑ8

n πpY n
i q “

1

2
RpE rXisqpciq

2,

where Rpxq “ ´u2pxq{u1pxq denotes the Arrow-Pratt coefficient of absolute risk aversion.

The proof of Theorem 3.2 is provided in Appendix A. Note that in the homogeneous case of

Remark 3.1 and for ain “ 1{n we have that
?
nainσn “

a

Var pX1q for all i, n P N, and thus

ci “
a

Var pX1q for all i P N. Then, Theorem 3.2 simplifies to:

Corollary 3.3 Under the conditions stated in Theorem 3.2, suppose further that the pXiqiPN

are homogeneous in the sense that, for i P N, E rXis ” E rX1s and Var pXiq ” Var pX1q. Then

lim
nÑ8

?
n πpSn{nq “ ´

a

Var pX1qU pZq . (3.9)

Moreover, if UpXq “ E rXs and u is two times continuously differentiable on the interior of its

domain, then

lim
iďnÑ8

nπpSn{nq “
1

2
RpE rX1sqVar pX1q . (3.10)
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Remark 3.4 An independent sequence pXiqiPN Ă L2 meets the conditions required in Theo-

rem 3.2 whenever this sequence satisfies both

• Kolmogorov’s condition for the strong law of large numbers:

ÿ

iPN

VarpXiq

i2
ă 8, see [19, VII.8 Theorem 3],

• Lindeberg’s condition for the central limit theorem: for all t ą 0

lim
nÑ8

1

σ2
n

n
ÿ

i“1

E
“

|Xi ´ E rXis |
21t|Xi´ErXis|ětσnu

‰

“ 0, see [19, VIII.4 Theorem 3].

The rate n in (3.8) shows that if Up¨q “ E r¨s, then the limit in (3.5) should equal 0, which

is indeed the case since UpZq “ E rZs “ 0. In the following, we will see that the rate of

convergence n as in (3.8) is essentially obtained if and only if Up¨q “ E r¨s. To this end, for a

random variable X, we denote by

qXptq :“ inftm P R|P rX ď ms ě tu, t P r0, 1s, (3.11)

its (left-continuous) quantile function, where infH :“ 8. Let

ApMq :“ ´U pZq “ sup
QPM

EQ r´Zs “ sup
QPM

ż 1

0
qZpsqq dQ

dP
psq ds, (3.12)

where Z is a standard normal random variable and the set of probabilitiesM is given by a dual

representation (2.1). Note that the last equality in (3.12) follows from law-invariance ofM and

[21, Lemma 4.60], realling that q´Z “ qZ due to the symmetry of the normal distribution. Even

though the Q probabilities in M have bounded densities with respect to P , in the following

we extend the discussion by relaxing this boundedness condition and only asking for

ż 1

0
qZpsqq dQ

dP
psq ds ă 8. (3.13)

Denote by P the set of all probability measures Q on pΩ,Fq such that Q ! P and (3.13) is

satisfied. For any non-empty M Ă P let

ApMq :“ sup
QPM

ż 1

0
qZpsqq dQ

dP
psq ds.

We state the following proposition:

Proposition 3.5 Let M, ĂM Ă P be non-empty and law-invariant. Then:
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1. ApMq ě 0.

2. M Ď ĂM implies ApMq ď ApĂMq.

3. ApMq “ 0 ô M “ tP u ô EMr¨s “ E r¨s.

Proof 2. is obvious. Next, we prove 1.: Let Q P P. Using the symmetry of the quantile

function of the standard normal distribution, we find that

ż 1

0
qZpsqq dQ

dP
psq ds “

ż 1
2

0
qZp

1

2
` sq

ˆ

q dQ
dP
p
1

2
` sq ´ q dQ

dP
p
1

2
´ sq

˙

ds,

where the function
ˆ

0,
1

2

˙

Q s ÞÑ q dQ
dP
p
1

2
` sq ´ q dQ

dP
p
1

2
´ sq (3.14)

is non-negative and qZp
1
2 ` sq is strictly positive for s P p0, 1

2q. Hence, it follows that

ż 1

0
qZpsqq dQ

dP
psq ds ě 0 (3.15)

for all Q P P, and therefore ApMq ě 0. As for 3., suppose that ApMq “ 0. By (3.15) this

implies that indeed
ş1
0 qZpsqq dQ

dP
psq ds “ 0 for all Q P M. But that can only happen if the

function given in (3.14) equals the constant zero function. The latter however implies that

Q “ P , so M “ tP u. The other implications are easily verified. l

Proposition 3.5 implies that a convergence rate n as in (3.8) of Theorem 3.2 essentially

necessitates Up¨q “ E r¨s. More precisely, assume that ci ą 0. If limiďnÑ8 n πpY
n
i q exists as a

real number, we must have limiď
?
nÑ8

?
n πpY n

i q “ 0, and hence UpZq “ 0, that is, ApQq “ 0,

so U “ E r¨s.

Remark 3.6 The dichotomy of Theorem 3.2, Eqns. (3.5) and (3.8), is connected to, and

suitably modifies, first- and second-order risk aversion introduced by Segal and Spivak [42];

see also Lang [33] and Eeckhoudt and Laeven [17]. Segal and Spivak [42] show that the risk

premia have distinct limiting behavior for ‘small’ risks under RDU and under expected utility:

under the RDU model, risk aversion is a first-order phenomenon, whereas under the expected

utility model risk aversion is a second-order phenomenon; see also Eeckhoudt and Laeven [17],

Section 5.3. Small risks are risks of type v ` tY , where v ě 0 denotes an initial capital and Y

is sufficiently integrable, for instance normally distributed with mean E rY s “ 0 and variance

VarpY q “ 1. In fact, similar analysis as in the proof of Theorem 3.2 shows that

lim
tÓ0

1

t
u´1 pUpupv ` tY qqq “ ´UpY q. (3.16)
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This corresponds to first-order behavior in the sense of [42] unless UpY q “ 0. Indeed, if the

rate t is identified with 1?
n

, then (3.16) equals

lim
nÑ8

?
nu´1

ˆ

Upupv ` Y
?
n
qq

˙

“ lim
nÑ8

?
nπ

ˆ

v,
Y
?
n

˙

“ ´UpY q.

Let pXiqiPN be i.i.d. with zero mean and VarpX1q ą 0. For large n P N we have that Sn?
n

is

almost normal with zero mean and variance VarpX1q. Hence, by law-invariance, continuity,

and positive homogeneity of U ,

lim
nÑ8

?
nπ

ˆ

v,
Sn
n

˙

“ lim
nÑ8

?
nπ

˜

v,

a

VarpX1qZ
?
n

¸

“ ´
a

VarpX1qUpZq,

where the random variable Z is standard normal under P . Therefore, (3.9), and also more

generally (3.5), may be seen as corresponding to first-order risk aversion provided UpZq ‰ 0. If

UpZq “ 0, that is, Up¨q “ E r¨s according to Proposition 3.5, we have (3.8), which is—similar

to above—naturally identified with second-order risk aversion.

Remark 3.7 By analogy to RpE rXsq, which is a measure of second-order risk aversion, ApMq
may be interpreted as a measure of first-order risk aversion. The measure ApMq may be

evaluated analytically in a wide variety of cases, e.g., under RDU with probability weight-

ing/distortion function of the power type ([10, 16]) or induced by the Esscher-Girsanov trans-

form ([25, 31]).

We end this section by showing that it is possible that the right-hand side in (3.5) equals

zero, even though UpZq ‰ 0. That, of course, requires ci “ 0.

Example 3.8 Let pXiqiPN be independent, satisfying the central limit theorem (Lindeberg con-

dition), such that E rXis “ lnpiq and Var pXiq “ lnp
?
iq, i P N. In this case, we have

E rSns “ lnpn!q and σ2
n “ Var pSnq “

1
2 lnpn!q. But this yields

?
naprop,i

n σn “
?
n

lnpiq

lnpn!q

b

1
2 lnpn!q “

c

n

lnpn!q

b

1
2 lnpiq,

i. e., cprop
i “ limnÒ8

?
naprop,i

n σn “ 0. Similarly, we obtain

?
nareg,i

n σn “
?
n

lnp
?
iq

1
2 lnpn!q

b

1
2 lnpn!q “

c

n

lnpn!q

?
2 lnp

?
iq,

i. e., creg
i “ limnÒ8

?
nareg,i

n σn “ 0. Note that the strong law of large numbers holds due to
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Kolmogorov’s condition

ÿ

iPN

Var pXiq

i2
“

1

2

ÿ

iPN

lnpiq

i2
ď

1

2

ÿ

iPN

?
i

i2
“

1

2

ÿ

iPN

1

i3{2
ă 8,

in view of the convergence of the generalized harmonic series.

4 Pareto Optimality of Linear Risk Sharing

Since we assume linear risk sharing in Section 3, a natural question is whether such risk sharing

rules are Pareto optimal when all agents share the same preferences given by U ˝ u. In this

section, we address this question. Without loss of generality, in the following, we will always

work with the maximal set

QpUq “ tQ ! P | dQ{dP P L8,@Y P L1 : EQ rY s ě UpY qu,

for which we obtain U “ EQpUq.

For given n P N and X P L1, consider the set of allocations

AnpXq :“

#

pZ1, Z2, . . . , Znq P pL
1qn |

n
ÿ

i“1

Zi “ X

+

.

We recall the definition of Pareto optimality:

Definition 4.1 An allocation pZ1, Z2, . . . , Znq P AnpXq such that UpupZiqq ą ´8 for all

i “ 1, . . . , n is called Pareto optimal if for all pY1, Y2, . . . , Ynq P AnpXq we have that UpupYiqq ě
UpupZiqq for all i “ 1, . . . , n implies that UpupYiqq “ UpupZiqq for all i “ 1, . . . , n.

The following lemma, which states that the equal risk sharing rule is Pareto optimal, is

folklore, but we provide a short proof of the sake of completeness.

Lemma 4.2 For any X P L1, the equal risk sharing rule pX{n, . . . ,X{nq, allocating X uni-

formly among the n agents, is Pareto optimal.

Proof Consider any pY1, . . . , Ynq P AnpXq, s.t.

@i P t1, . . . , nu UpupYiqq ě UpupX{nqq.

By concavity of U ˝ u,

1

n

n
ÿ

i“1

UpupYiqq ď U

˜

up
1

n

n
ÿ

i“1

Yiq

¸

“ UpupX{nqq.
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Hence, it follows that

UpupYiqq “ UpupX{nqq,

for all i “ 1, . . . , n. Thus, X{n is a Pareto optimal allocation of X. l

Therefore, if the sequence Xi, i P N, is homogeneous as in Remark 3.1, then the propor-

tional, the linear regression, and the mean-variance risk sharing rules, all coinciding with the

equal risk sharing rule, are Pareto optimal.

A more general result on the existence and characterization of Pareto optima is the following

Proposition 4.3, which is a generalization of Borch’s theorem ([6]). To this end, we recall that

an allocation pZ1, Z2, . . . , Znq P AnpXq is Pareto optimal only if there exist Negishi weights

λ1 ě 0, . . . , λn ě 0 such that
řn
i“1 λi ą 0 and

@pY1, . . . , Ynq P AnpXq :
n
ÿ

i“1

λiUpupZiqq ě
n
ÿ

i“1

λiUpupYiqq. (4.1)

In fact, (4.1) is also sufficient if all Negishi weights are strictly positive, that is, any allocation

pZ1, Z2, . . . , Znq P AnpXq satisfying (4.1) with λi ą 0, i “ 1, . . . , n, is Pareto optimal. Moreover,

in case the criterion U ˝u is strictly monotone, an allocation pZ1, Z2, . . . , Znq P AnpXq is Pareto

optimal if and only if (4.1) holds.

Proposition 4.3 Suppose that u is differentiable on int domu. Let X P L1 and suppose that

the allocation pZ1, . . . , Znq P AnpXq satisfies Borch’s condition:

there exist λ1, . . . , λn ą 0 such that λ1u
1pZ1q “ . . . “ λnu

1pZnq. (4.2)

(Here we, of course, implicitly assume that ImpZiq Ă int domu so that u1pZiq is well-defined

for all i “ 1, . . . , n.) Moreover, suppose that pZ1, . . . , Znq admit a joint supergradient, that is,

there is a probability measure Q P QpUq such that

UpupZiqq “ EQ rupZiqs for all i “ 1, . . . , n. (4.3)

Then pZ1, . . . , Znq is Pareto optimal.

The following proof is a generalization of Borch’s proof.

Proof Consider any other allocation pY1, . . . , Ynq P AnpXq. Borch’s condition (see Borch [6] or

recall the Kuhn-Tucker theorem [40, Corollary 28.3.1]) ensures that

n
ÿ

i“1

λiupZiq ě
n
ÿ

i“1

λiupYiq

12



and thus
n
ÿ

i“1

λiEQ rupZiqs ě
n
ÿ

i“1

λiEQ rupYiqs .

Hence, recalling that Up¨q “ infRPQpUq ERr¨s,

n
ÿ

i“1

λiUpupZiqq “
n
ÿ

i“1

λiEQ rupZiqs ě
n
ÿ

i“1

λiEQ rupYiqs ě
n
ÿ

i“1

λiUpupYiqq,

and Pareto optimality of pZ1, . . . , Znq follows. l

Remark 4.4 A closer inspection of the proof shows that in fact a more general version of

Proposition 4.3 for concave instead of coherent (positively homogeneous and superadditive) Ui
(allowed to depend on i) is true, which may be of independent interest and is provided in

Appendix B.

Apart from the well-known Borch’s condition, Proposition 4.3 requires condition (4.3),

which is a joint supergradient of the criterion at each point of the allocation. The following

Proposition 4.6 shows that this condition is typically satisfied in case of a comonotone coherent

criterion U and a strictly comonotone allocation pZ1, . . . , Znq. To this end, let us recall the

definition of comonotonicity:

Definition 4.5 An allocation pZ1, . . . , Znq P AnpXq is called comonotone if Zi “ fipXq for a

non-decreasing function fi : R Ñ R, i “ 1, . . . , n, and
řn
i“1 fi “ idR where idR denotes the

identity mapping on R.

A comonotone allocation pZ1, . . . , Znq P AnpXq is called strictly comonotone if the above func-

tions fi, i “ 1, . . . , n, can be chosen to be strictly increasing.

A function U : L1 Ñ R is called comonotone if Up
řn
i“1 Ziq “

řn
i“1 UpZiq for any comonotone

allocation pZ1, . . . , Znq P AnpXq for all X P L1 and n P N. If U also satisfies conditions i)–vi),

then we call U a comonotone coherent criterion.

Note that any linear risk sharing rule of type (3.3) defines a comonotone allocation of

Sn that is strictly comonotone whenever ain ą 0, i “ 1, . . . , n. Indeed, Y n
i “ fipSnq where

fipxq “ ainx` pE rXis ´ a
i
nE rSnsq, x P R, i “ 1, . . . , n.

In the following, we briefly recall a well-known representation result for comonotone coher-

ent criteria based on building blocks of the form

UλpXq :“
1

λ

ż λ

0
qXptq dt, X P L1, λ P p0, 1s, (4.4)

where the (left-continuous) quantile function qX of X is given in (3.11). Note that UλpXq “
´AV@RλpXq where AV@Rλ denotes the Average Value at Risk or Expected Shortfall, which

13



is a prominent capital requirement in risk management, see, e.g., Föllmer and Schied [21]

for a detailed discussion of the Average Value at Risk. We have U1p¨q “ E r¨s, and we set

U0pXq :“ ess inf X by convention. In particular, if λ P p0, 1s, then Uλ satisfies the conditions

i)–vi) of Section 2. As regards the dual representation of Uλp¨q we have (see e.g., Föllmer and

Schied [21, Section 4.4)])

Uλ pXq “ min
QPQλ

EQ rXs , (4.5)

where

Qλ :“ QpUλq “
"

Q ! P |
dQ

dP
ď

1

λ

*

, λ P p0, 1s, Q0 :“ QpU0q “ tQ ! P u .

Up to sign change, a comonotone coherent criterion U is also known as a concave distortion

risk measure and can be represented as a mixture of building blocks (4.4) as follows (Föllmer

and Schied [21, Sections 4.6 and 4.7]):

UpXq “ Uµ pXq :“

ż

r0,1s
Uλ pXqµpdλq. (4.6)

Here, µ is a probability measure supported on r0, 1s.

Proposition 4.6 Suppose that Uµ satisfies µpt0uq “ 0 and

ż

p0,1s

1

λ
µpdλq ă 8. (4.7)

Then condition (4.3) is satisfied for every strictly comonotone allocation pZ1, . . . , Znq P AnpXq
such that ImpZiq Ă domu for all i “ 1, . . . , n. A joint supergradient QX is given by the density

dQX
dP

:“

ż 1

0

1

λ
p1tXăqXpλqu ` κpλ,Xq1tX“qXpλquqµpdλq,

where

κpλ,Xq “

$

&

%

0 ifP pX “ qXpλqq “ 0

λ´P pXăqXpλqq
P pX“qXpλqq

ifP pX “ qXpλqq ą 0
.

Proof Step 1: Assume that µ “ δλ, that is, UµpXq “ Uλ, for some λ P p0, 1s. For Y P L1, the

probability measure QY given by the density

dQY
dP

“
1

λ
p1tYăqY pλqu ` κpλ, Y q1tY“qY pλquq,

where

κpλ, Y q “

$

&

%

0 ifP pY “ qY pλqq “ 0

λ´P pYăqY pλqq
P pY“qY pλqq

ifP pY “ qY pλqq ą 0
, (4.8)
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satisfies QY P Qλ and UλpY q “ EQY rY s, see for instance [21, Remark 4.53]. As Zi “ fipXq

where fi : R Ñ R is strictly increasing, and as u ˝ fi is increasing on domu, it follows that

upfipqXpsqqq is a quantile function of upZiq and indeed qupZiqpsq “ upfipqXpsqqq for all s P p0, 1q

outside an at most countable set, see [21, Lemma A23]. Note that u ˝ fi is indeed strictly

increasing on domu, and therefore

tX ă qXpλqu “ tupZiq ă upfipqXpλqqqu

and

tX “ qXpλqu “ tupZiq “ upfipqXpλqqqu.

qY being the left-continuous quantile function implies that either qupZiqpλq “ upfipqXpλqqq or

qupZiqpλq ă upfipqXpλqqq and

P pupZiq P rqupZiqpλq, upfipqXpλqqqsq “ 0.

Thus P pX ă qXpλqq “ P pupZiq ă qupZiqq and P pX “ qXpλqq “ P pupZiq “ qupZiqpλqq, and

hence, P -a.s., 1tXăqXpλqu “ 1tupZiqăqupZiqpλqu
and 1tX“qXpλqu “ 1tupZiq“qupZiqpλqu

. This implies

that QX “ QupZiq for all i “ 1, . . . , n and that UλpupZiqq “ EQX rupZiqs for all i “ 1, . . . , n.

Step 2: Now consider Uµ such that µpt0uq “ 0. By (4.6) and Fubini, for all Y P L1,

UµpY q “

ż 1

0
E

„

1

λ
p1tYăqY pλqu ` κpλ, Y q1tY“qY pλquqY



µpdλq

“ E

„
ż 1

0

1

λ
p1tYăqY pλqu ` κpλ, Y q1tY“qY pλquqµpdλq Y



,

where κpλ, Y q is given in (4.8). Let

ϕX :“

ż 1

0

1

λ
p1tXăqXpλqu ` κpλ,Xq1tX“qXpλquqµpdλq. (4.9)

The density ϕX with respect to P defines a probability measure QµX on pΩ,Fq such that

UµpXq “ EQµX
rXs. For any of the at most countable atoms λ P tα P r0, 1s | µptαuq ą 0u of µ

(if there are any) we observe that,

1tXăqXpλqu “ 1tupZiqăqupZiqpλqu
and 1tX“qXpλqu “ 1tupZiq“qupZiqpλqu

P -a.s.,

as in step 1. Otherwise, the set of λ P p0, 1s where qupZiqpλq ă upfipqXpλqqq is at most countable.

Hence, ϕupZiq “ ϕX , and we obtain UµpupZiqq “ EQX rupZiqs for all i “ 1, . . . , n. Finally, we

verify that indeed QµX P QpUµq. The condition
ş

p0,1s
1
λµpdλq ă 8 implies that ϕX is bounded.
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Moreover, for all Y P L1, by Fubini and (4.5), we have

EQX rY s “ E rϕXY s “

ż 1

0
E

„

1

λ
p1tXăqXpλqu ` κpλ,Xq1tX“qXpλquqY



µpdλq

ě

ż 1

0
UλpY qµpdλq “ UµpY q. (4.10)

l

Propositions 4.3 and 4.6 imply:

Corollary 4.7 Let U “ Uµ as in (4.6) where µpt0uq “ 0 and suppose that condition (4.7)

holds. Further, suppose that u is differentiable on int domu and that the strictly comonotone

allocation pZ1, . . . , Znq P AnpXq of X P L1 satisfies Borch’s condition (4.2). Then pZ1, . . . , Znq

is Pareto optimal.

Corollary 4.8 Let U “ Uµ as in (4.6) where µpt0uq “ 0 and (4.7) is satisfied. Further suppose

that u is either a power utility, that is, upxq “ 1
γx

γ, x ě 0, (and upxq “ ´8 if x ă 0) where

γ P p0, 1q, or a logarithmic utility, that is, upxq “ logpxq, x ą 0, (and upxq “ ´8 if x ď 0).

For X P L1 such that P pX ą 0q “ 1 any allocation of type

Z1 “ a1X, . . . , Zn “ anX (4.11)

for some constants ai ą 0, i “ 1, . . . , n, such that
řn
i“1 ai “ 1 is Pareto optimal. In particular,

the proportional risk sharing rule of the aggregate risk Sn given by (3.3) and ain “
ErXis
ErSns

is

Pareto optimal.

Proof Borch’s condition reads

λ1Z
γ´1
1 “ . . . “ λnZ

γ´1
n (4.12)

for constants λi ą 0, i “ 1, . . . , n, where the logarithmic case corresponds to γ “ 0. For an

allocation of type (4.11), (4.12) is satisfied for λi “ paiq
1´γ , i “ 1, . . . , n. Hence, (4.11) is

Pareto optimal according to Corollary 4.7. l

The following result shows that for utilities u as in Corollary 4.8 and Up¨q “ E r¨s, the

proportional risk sharing rule is essentially the only linear risk sharing rule of type (3.3) that

defines a Pareto optimal allocation of Sn “ X1` . . .`Xn for any choice of positive initial risks

X1, . . . , Xn.

Lemma 4.9 Let U “ E r¨s (that is, µ “ δ1 in (4.6)) and u be as in Corollary 4.8. Assume

that Sn is a discrete positive random variable taking at least two distinct values. Then the

proportional risk sharing rule is the only linear risk sharing rule of type (3.3) that defines a

Pareto optimal allocation of Sn.
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Proof Let pZ1, . . . , Znq P ApXq with P pZi ą 0q “ 1, i “ 1, . . . , n, be a Pareto optimal allocation

of the discrete positive random variable X “
ř8
k“1 xk1Ak where xk ą 0 and P pAkq ą 0 for all

k P N. Assume further that also Zi “
ř8
k“1 z

i
k1Ak for all i “ 1, . . . , n (which is for instance

the case for any comonotone allocation, and thus for any allocation given by linear risk sharing

rules). According to Lemma 4.10 below, there must exist λ1 ą 0, . . . , λn ą 0 such that

n
ÿ

i“1

λiE rupZiqs ě
n
ÿ

i“1

λiE rupYiqs (4.13)

for any other allocation pY1, . . . , Ynq P ApXq. By the Kuhn-Tucker theorem ([40, Corollary

28.3.1]) we must have

@k P N : λ1pz
1
kq
γ´1 “ . . . “ λnpz

n
k q
γ´1 (4.14)

Indeed, (4.14) is a necessary and sufficient condition for

@k P N :
n
ÿ

i“1

λiupz
i
kq ě

n
ÿ

i“1

λiupyiq

for all py1, . . . , ynq such that
řn
i“1 yi “ xk. If (4.14) is not satisfied, then there is a k̂ and

py1, . . . , ynq such that
řn
i“1 yi “ xk̂ and

řn
i“1 λiupz

i
k̂
q ă

řn
i“1 λiupyiq. Consider the allocation

pZ̃1, . . . , Z̃nq P ApXq given by

Z̃i “
8
ÿ

k“1,k‰k̂

zik1Ak ` yi1Ak̂ .

Then

n
ÿ

i“1

λiE
”

upZ̃iq
ı

“
ÿ

kPNztk̂u

P pAkq
n
ÿ

i“1

λiupz
i
kq ` P pAk̂q

n
ÿ

i“1

λiupyiq

ą
ÿ

kPN
P pAkq

n
ÿ

i“1

λiupz
i
kq

“

n
ÿ

i“1

λiE rupZiqs ,

a contradiction to (4.13). Now suppose that in addition Zi “ aiX ` bi where ai ą 0, bi P R,

i “ 1, . . . , n, such that
řn
i“1 ai “ 1,

řn
i“1 bi “ 0. By (4.14)

@i “ 1, . . . , n @k P N λ
1

γ´1

i paixk ` biq “ λ
1

γ´1

1 pa1xk ` b1q.

Assuming that X takes at least two distinct values, the previous relation can be satisfied if and

only if λ
1

γ´1

i ai “ λ
1

γ´1

1 a1 and λ
1

γ´1

i bi “ λ
1

γ´1

1 b1 for all i “ 1, . . . , n. Recalling that
řn
i“1 bi “ 0,
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we conclude that b1 “ 0 and thus bi “ 0 for all i “ 1 . . . , n. Now identify X “ Sn for the

aggregate risk Sn “
řn
i“1Xi and a risk sharing Zi of type (3.3). In that case ai “ ain and

bi “ E rXis ´ a
i
nE rSns. The necessary condition for Pareto optimality bi “ 0 now implies

ain “
E rXis

E rSns
“ ai,prop

n , i “ 1, . . . , n.

l

Lemma 4.10 Let Up¨q “ E r¨s, and suppose pZ1, . . . , Znq P AnpXq is a Pareto optimal allo-

cation of X P L1. Then the corresponding Negishi weights in (4.1) have to satisfy λi ą 0,

i “ 1 . . . , n.

Proof Suppose w.l.o.g. λ1 “ 0 and λ2 ą 0, then altering the allocation pZ1, Z2, . . . , Znq P AnpXq
to pZ̃1, Z̃2, . . . , Z̃nq :“ pZ1 ´ k, Z2 ` k, . . . , Znq for k ą 0 yields

n
ÿ

i“1

λiEQ

”

upZ̃iq
ı

“ λ2EQ rupZ2 ` kqs `
n
ÿ

i“3

λiEQ rupZiqs

ą λ2EQ rupZ2qs `

n
ÿ

i“3

λiEQ rupZiqs

“

n
ÿ

i“1

λiEQ rupZiqs

since the strict monotonicity of u implies that EQ rupZ2 ` kqs ą EQ rupZ2qs. l

Finally, we generalize further to robust expectations of type

UΓpXq :“ inf
µPΓ
UµpXq “ inf

µPΓ

ż

p0,1s
Uλ pXqµpdλq, (4.15)

whereM1pp0, 1sq is the set of (Borel) probability measures on p0, 1s and Γ ĂM1pp0, 1sq is not

empty. From Kusuoka [30] (see also Föllmer and Schied [21, Corollary 4.63], Dana [11], and

Frittelli and Rosazza Gianin [23]) we know that, upon a sign change, all law-invariant coherent

risk measures are of the form (4.15).3 The following lemma gives a sufficient condition for

L1-continuity of UΓ.

Lemma 4.11 Suppose that there exists µ P Γ such that (4.7) holds. Then UΓ is Lipschitz

continuous with respect to L1-convergence.

Proof Indeed, by superadditivity of UΓ

UΓpX ´ Y q ď UΓpXq ´ UΓpY q ď ´UΓpY ´Xq.

3Note that the required continuity from above in [21, Corollary 4.63] is automatically satisfied, see [44].
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Further, from the dual representation of Uλ in (4.5) we infer that

UΓpXq “ inf
µPΓ
UµpXq “ inf

µPΓ

ż

p0,1s
UλpXqµpdλq

ě inf
µPΓ

ż

p0,1s
min
QPQλ

E

„

´
dQ

dP
|X|



µpdλq ě E r´|X|s inf
µPΓ

ż

p0,1s

1

λ
µpdλq.

In sum we obtain

|UΓpXq ´ UΓpY q| ď maxt´UΓpX ´ Y q,´UΓpY ´Xqu ď E r|X ´ Y |s inf
µPΓ

ż

p0,1s

1

λ
µpdλq,

which proves the Lipschitz-continuity of UΓ. l

If the condition of the previous lemma is satisfied, then UΓ meets the requirements i)–vi) of

Section 2, and thus UΓ “ EQpUΓq
. Under the condition that the utility u is linear, the following

Proposition 4.12 shows that any linear risk sharing (3.3) provides a Pareto optimal allocation

of Sn. Also note that this result holds in particular for criteria Uµ or Uλ, which all fall under

the class UΓ.

Proposition 4.12 Let U “ UΓ as in (4.15) and suppose that all µ P Γ satisfy (4.7). Moreover,

assume that UΓpY q “ minµPΓ UµpY q, i.e., the infimum in (4.15) is always attained. If u “ idR

is the linear utility and if the allocation pZ1, . . . , Znq P AnpXq of X P L1 is affine, that is,

Zi “ aiX ` bi for ai ą 0, bi P R, i “ 1, . . . , n, such that
řn
i“1 ai “ 1, and

řn
i“1 bi “ 0, then

pZ1, . . . , Znq is Pareto optimal.

Proof By assumption,

UΓpXq “ min
νPΓ
UνpXq “ UµX pXq “ EQX rXs, (4.16)

where µX P Γ and QX is given by the density (4.9) (with µ “ µX). Note that QX P QpUΓq

since

UΓpY q “ min
νPΓ
UνpY q ď UµX pY q ď EQX rY s

for all Y P L1, where the last inequality is shown in (4.10). (4.16) implies

EQX rXs ď EQ rXs for all Q P QpUΓq.

Hence, also

EQX rZis “ aiEQX rXs ` bi ď aiEQ rXs ` bi “ EQ rZis for all Q P QpUΓq.

The latter implies that UΓpZiq “ EQX rZis for all i “ 1, . . . , n. Noting that Borch’s condition is

trivially satisfied when upxq “ x, we conclude by invoking Proposition 4.3. l
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Example 4.13 For exponential utility upxq “ 1´ expp´γxq, γ ą 0, x P R, Borch’s condition

(4.2) takes the form

λ1 expp´γZ1q “ . . . “ λn expp´γZnq

for constants λi ą 0, i “ 1, . . . , n. This is clearly satisfied for the equal risk sharing rule, but

does not hold for other affine allocations (or linear risk sharing rules) unless X is constant.

5 Applications

5.1 Actuarial Pricing in Tariff Cells

Insurance companies use certain characteristics to decompose their portfolio of insurance poli-

cies into homogeneous groups, so-called tariff cells. If the number of policies within a tariff cell

is large, then the premium of the idiosyncratic risks is derived from the law of large numbers

as the expected claims amount per policy plus a suitable safety loading. Note that in this

paper the random variables X1, X2, . . . model payoffs—that is, minus risks—so that X1, X2, . . .

corresponds to the insurer’s payoffs resulting from a portfolio of insurance contracts. If the

insurance company uses a utility-based premium calculation for the tariff cell, that is, charging

minus the certainty equivalent ´u´1pUpupY n
i qqq of policyholder i’s share of the pool, where

pY n
1 , . . . , Y

n
n q is a linear risk sharing of type (3.3), then the implied safety loading equals the

risk premium πpY n
i q since by (3.2)

E r´Y n
i s ` πpY

n
i q “ ´u

´1pUpupY n
i qqq.

Note that, in the above expression, E r´Y n
i s is the expected loss of policyholder i’s share of the

pool, whereas ´u´1pUpupY n
i qqq is the target premium.

The tariff cells are in general not completely homogeneous since there is a trade-off between

homogeneity and a sufficiently large number of contracts per tariff cell, i.e., the portfolio de-

composition relies on some main characteristics only, while other characteristics are not taken

into account. Let us assume partial inhomogeneity within a tariff cell in the sense that the

means E rXis and variances Var pXiq, i P N, slightly fluctuate around the mean and the variance

of a reference risk, say X1, i.e., there exist constants ε, δ ą 0 such that

E rXis P rE rX1s ´ ε,E rX1s ` εs, Var pXiq P rVar pX1q ´ δ,Var pX1q ` δs.

In this case, we obtain—depending on the linear risk sharing rule—lower and upper bounds

c¨,lbi and c¨,ub
i for

?
nai,¨n σn that according to Theorem 3.2 provide lower and upper bounds for

the decay of the risk premium: More precisely, we identify the following bounds, assuming that

E rX1s ` ε ď 0:
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• Proportional rule: For ai,prop
n :“ ErXis

ErSns
the term

?
nai,prop

n σn “

b

n
řn
j“1 Var pXjq

řn
j“1 E rXjs

E rXis

satisfies

?
nai,prop

n σn ě

a

n ¨ npVar pX1q ´ δq

npE rX1s ´ εq
E rXis “

a

Var pX1q ´ δ

E rX1s ´ ε
E rXis “: cprop,lb

i ,

?
nai,prop

n σn ď

a

n ¨ npVar pX1q ` δq

npE rX1s ` εq
E rXis “

a

Var pX1q ` δ

E rX1s ` ε
E rXis “: cprop,ub

i .

• Linear regression rule: If
?
nai,reg

n σn “
?
n

σn
Var pXiq, hence

creg,lb
i :“

Var pXiq
a

Var pX1q ` δ
ď
?
nai,reg

n σn ď
Var pXiq

a

Var pX1q ´ δ
:“ creg,ub

i .

• Mean-variance rule: For ai,mv
n :“ βai,prop

n ` p1´ βqai,reg
n , β P p0, 1q, the bounds take the

form

cmv,lb
i :“ βcprop,lb

i ` p1´ βqcreg,lb
i , cmv,ub

i :“ βcprop,ub
i ` p1´ βqcreg,ub

i .

5.2 Actuarial Pricing with Deductibles

To motivate policyholders to prevent damage or to bear minor damages themselves, insur-

ance contracts often include deductibles. Policyholders can usually choose the amount of the

deductible and thus reduce their premium by covering a part of the damage. Suppose that

the original damages of the policyholders are described by the non-negative i.i.d. random vari-

ables C1, C2, . . .. If each policyholder can choose an individual deductible di P r0, d
˚s, then

the insurance company must only bear the claims amount pCi ´ diq
` per policyholder i P N.

In our setting, this corresponds to the financial positions Xi “ ´pCi ´ diq
`, i P N. Note

that X1, X2, . . . is still a sequence of independent random variables, but in general subject to

heterogeneity due to the different deductibles.

An analogous situation arises if we interpret di, i P N, as thresholds of different stop-loss

reinsurance contracts for independent underlying losses C1, C2, . . ..

We assume that P pC1 ą d˚q ą 0 such that E rXis “ E r´pC1 ´ d
˚q`s ă 0. Since

di ÞÑ ´pc ´ diq
` is non-decreasing, we obtain the estimate E rXis “ E r´pC1 ´ diq

`s P

rE r´C1s ,E r´pC1 ´ d
˚q`ss. Moreover, Var pXiq “ Var p´pC1 ´ diq

`q P rσ2
min, σ

2
maxs for con-

stants 0 ă σ2
min ď σ2

max. Theorem 3.2 provides lower and upper bounds for the decay of the

risk premium:
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• Proportional rule: For ai,prop
n :“ ErXis

ErSns
the term

?
nai,prop

n σn “

b

n
řn
j“1 Var pXjq

řn
j“1 E rXjs

E rXis

satisfies

?
nai,prop

n σn ě

b

n ¨ n ¨ σ2
min

n ¨ E r´C1s
E
“

´pC1 ´ diq
`
‰

“
E rpC1 ´ diq

`s

E rC1s
σmin “: cprop,lb

i ,

?
nai,prop

n σn ď

a

n ¨ n ¨ σ2
max

n ¨ E r´pC1 ´ d˚q`s
E
“

´pC1 ´ diq
`
‰

“
E rpC1 ´ diq

`s

E rpC1 ´ d˚q`s
σmax “: cprop,ub

i .

Note that

E rpC1 ´ d
˚q`s

E rC1s
σmin ď cprop,lb

i ď cprop,ub
i ď

E rC1s

E rpC1 ´ d˚q`s
σmax, i P N,

i. e., we even obtain uniform bounds for all deductibles in the interval r0, d˚s.

• Linear regression rule: If
?
nai,reg

n σn “
?
n

σn
Var pXiq, hence

σ2
min
σmax

ď creg,lb
i :“

Var pXiq

σmax
ď
?
nai,reg

n σn ď
Var pXiq

σmin
:“ creg,ub

i ď
σ2

max
σmin

.

• Mean-variance rule: For ai,mv
n :“ βai,prop

n ` p1´ βqai,reg
n , β P p0, 1q, the lower and upper

bounds take the form

cmv,lb
i :“ βcprop,lb

i ` p1´ βqcreg,lb
i , cmv,ub

i :“ βcprop,ub
i ` p1´ βqcreg,ub

i ,

respectively.

5.3 Bounds for Rate of Convergence for Concave U

Suppose that the monotone criterion Ũ : L1 Ñ R instead of being superadditive and positively

homogeneous is only concave, that is, ŨpλX`p1´λqY q ě λŨpXq`p1´λqŨpY q for all λ P r0, 1s

and X,Y P L1. Then, Ũ admits a robust representation

ŨpXq “ inf
QPM

pEQ rXs ` βpQqq ,

whereM is a set of probability measures on pΩ,Fq as in (2.1) and β :MÑ r0,8s is a penalty

function, see e.g., [5]. Denoting by U “ EM the corresponding coherent criterion, we obtain
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the estimate UpXq ď ŨpXq for all X P L1. Thus, the risk premium

π̃pE rXis ` a
i
npSn ´ E rSnsqq “ E rXis ´ u

´1pŨpupE rXis ` a
i
npSn ´ E rSnsqqqq

with respect to Ũ satisfies π̃ ď π. Together with Theorem 3.2 this yields an upper bound for

the rate of convergence

lim sup
iďnÑ8

?
nπ̃pE rXis ` a

i
npSn ´ E rSnsqq ď ´ciUpZq,

where Z is a standard normal random variable with respect to the reference measure P .
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APPENDIX

A Proof of Theorem 3.2

Lemma A.1 In the setting of Theorem 3.2, we have that U pS˚nq Ñ U pZq, where Z is a

standard normal random variable.

Proof Let U be a uniformly distributed random variable on p0, 1q, and denote by qn any

quantile function of S˚n, for instance the left-continuous one given in (3.11). Then qnpUq and

S˚n are identically distributed, n P N, and also Φ´1pUq and Z are identically distributed,

where Φ denotes the cumulative distribution function of Z. Since S˚n is assumed to converge

in distribution to Z, the corresponding quantile functions converge pointwise. Moreover, by

Hölder’s inequality

E
“

|qnpUq ´ Φ´1pUq|2
‰

ď E
“

pS˚nq
2
‰

` E
“

Z2
‰

` 2|E
“

qnpUqΦ
´1pUq

‰

| ď 1` 1` 2 “ 4.

Thus pqnpUq´Φ´1pUqqnPN is uniformly integrable by the de Vallée-Poussin theorem. Lebesgue’s

convergence theorem now implies E
“

|qnpUq ´ Φ´1pUq|
‰

Ñ 0, that is, qnpUq converges in L1 to

Φ´1pUq. Therefore, and by L1-continuity and law-invariance of U ,

lim
nÑ8

UpS˚nq “ lim
nÑ8

UpqnpUqq “ UpΦ´1pUqq “ UpZq.

l

Proof of Theorem 3.2 We start by computing a Taylor expansion of upE rXis`a
i
npSn´E rSnsqq

around E rXis up to the first order:

upE rXis ` a
i
npSn ´ E rSnsqq “ upE rXisq ` u

1pYn,iqa
i
npSn ´ E rSnsq. (A.1)

Here, Yn,i is a random variable taking values between E rXis`a
i
npSn´E rSnsq and E rXis. Note

that the requirement |u1pE rXis ` ainpSn ´ E rSnsqq| ď Gi for all n P N where Gi P L
2 implies

that there exists an Hi P L
2 such that u1pYn,iq ď Hi for all n P N, because u1 is non-negative

and decreasing on int domu and hence

0 ď u1pYn, iq ď maxtu1pE rXisq, u
1pE rXis ` a

i
npSn ´ E rSnsqqqu.

In particular, by (A.1) and Hölder’s inequality it also follows that upE rXis`a
i
npSn´E rSnsqq P

L1 for all n P N.
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Next, by cash-additivity of U and invoking the first-order Taylor expansion of u´1,

u´1
`

U
`

u
`

E rXis ` a
i
npSn ´ E rSnsq

˘˘˘

“ u´1
`

U
`

upE rXisq ` u
1pYn,iqa

i
npSn ´ E rSnsq

˘˘

“ u´1
`

u pE rXisq ` U
`

u1pYn,iqa
i
npSn ´ E rSnsq

˘˘

“ u´1 ˝ u pE rXisq

`
`

u´1
˘1
pynqU

`

u1pYn,iqa
i
npSn ´ E rSnsq

˘

“ E rXis `
`

u´1
˘1
pynqU

`

u1pYn,iqa
i
npSn ´ E rSnsq

˘

,

with yn P ru pE rXisq , u pE rXisq`U
`

u1pYn,iqa
i
npSn ´ E rSnsq

˘

s. Hence, by positive homogeneity

of U

?
nπpE rXis ` a

i
npSn ´ E rSnsqq “ ´

?
n
`

u´1
˘1
pynqU

`

u1pYn,iqa
i
npSn ´ E rSnsq

˘

“ ´
?
nσna

i
n

`

u´1
˘1
pynqU

`

u1pYn,iqS
˚
n

˘

.

According to Lemma A.1,

U pS˚nq Ñ U pZq , (A.2)

where Z is a standard normal random variable. By superadditivity,

Upu1pYn,iqS˚nq ´ Upu1pE rXisqS
˚
nq ě Uppu1pYn,iq ´ u1pE rXisqqS

˚
nq.

As 1
npSn´E rSnsq Ñ 0 P -a.s. and supnPN a

i
nn ă 8 by assumption, we have ainpSn´E rSnsq Ñ 0

P -a.s. and thus Yn,i Ñ E rXis P -a.s. for n Ñ 8. Now Hölder, continuity of u1, and the

dominated convergence theorem (recall that u1pYn,iq ď Hi P L
2 for all n P N) imply

E
“

|pu1pYn,iq ´ u
1pE rXisqqS

˚
n|
‰

ď E
“

pS˚nq
2
‰

1
2 E

“

pu1pYn,iq ´ u
1pE rXisqq

2
‰

1
2

“ E
“

pu1pYn,iq ´ u
1pE rXisqq

2
‰

1
2 Ñ 0.

Hence, L1-continuity of U yields Uppu1pYn,iq ´ u1pE rXisqqS
˚
nq Ñ 0, and similarly,

Upu1pE rXisqS
˚
nq ´ Upu1pYn,iqS˚nq ě Uppu1pE rXisq ´ u

1pYn,iqqS
˚
nq Ñ 0.

Therefore, and by positive homogeneity and (A.2),

lim
nÑ8

U
`

u1 pYn,iqS
˚
n

˘

“ lim
nÑ8

u1pE rXisqU pS˚nq “ u1pE rXisqUpZq.

Finally, we show that yn Ñ upE rXisq and hence

`

u´1
˘1
pynq “

1

u1 pu´1 pynqq
Ñ

1

u1 pE rXisq
.
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Indeed, another application of Hölder’s inequality yields

E
“

|u1pYn,iqa
i
npSn ´ E rSnsq|

‰

ď E
“

H2
i

‰
1
2 ainE

”

pSn ´ E rSnsq
2
ı

1
2
ď E

“

H2
i

‰
1
2 ainσn Ñ 0,

since lim supnÑ8
?
nainσn ă 8 implies limnÑ8 a

i
nσn “ 0. Hence, L1-continuity of U yields

U
`

u1 pYn,iq a
i
npSn ´ E rSnsq

˘

Ñ 0, which implies that yn Ñ upE rXisq. Thus we obtain (3.5)

noting that ´UpZq ě 0 according to Proposition 3.5, and eventually also (3.7).

The proof of (3.8) is a generalization of the proof of [29, Theorem 2.5]. This time we

compute the Taylor expansion of u of order 2 around E rXis:

u
`

E rXis ` a
i
npSn ´ E rSnsq

˘

“ upE rXisq ` u
1pE rXisqa

i
n pSn ´ E rSnsq `

`
1

2
u2pZn,iq

`

ainpSn ´ E rSnsq
˘2
,

where Zn,i takes values between E rXis and E rXis ` a
i
npSn ´ E rSnsq. Taking expectations we

obtain

E
“

u
`

E rXis ` a
i
npSn ´ E rSnsq

˘‰

“ upE rXisq ` 0`
1

2
E
”

u2pZn,iq
`

ainpSn ´ E rSnsq
˘2
ı

.

Next we take the Taylor expansion of u´1 around the point upE rXisq to obtain

u´1
`

E
“

u
`

E rXis ` a
i
npSn ´ E rSnsq

˘‰˘

“u´1

ˆ

upE rXisq `
1

2
E
”

u2pZn,iq
`

ainpSn ´ E rSnsq
˘2
ı

˙

“u´1 ˝ upE rXisq ` pu
´1q1pzn,iq

1

2
E
”

u2pZn,iq
`

ainpSn ´ E rSnsq
˘2
ı

“E rXis ` pu
´1q1pzn,iq

painq
2u2pE rXisqσ

2
n

2

` pu´1q1pzn,iq
1

2
E
”

pu2pZn,iq ´ u
2pE rXisqq

`

ainpSn ´ E rSnsq
˘2
ı

, (A.3)

where zn,i P
”

upE rXisq ` E
”

u2pZn,iq
`

ainpSn ´ E rSnsq
˘2
ı

, upE rXisq

ı

. Hence,

nπpY n
i q “ ´npu

´1q1pzn,iq
painq

2u2pE rXisqσ
2
n

2
´∆i,n

where

∆i,n :“ pu´1q1pzn,iq
n

2
E
”

pu2pZn,iq ´ u
2pE rXisqq

`

ainpSn ´ E rSnsq
˘2
ı

.

By assumption we have lim supnÑ8 na
i
nσ

2 “ c2
i . Moreover, as in this case we assume that the
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Xi are uniformly bounded and supnPN na
i
n ă 8, it follows that Zn,i is bounded. Therefore,

E
”

u2pZn,iq
`

ainpSn ´ E rSnsq
˘2
ı

ď Kpainq
2σ2
n,

where K ą 0 is a constant and painq
2σ2
n. It follows that zn,i Ñ E rXis and thus

pu´1q1pzn,iq “
1

u1pu´1pzn,iqq
Ñ

1

u1pE rXisq
.

It remains to prove that ∆n,i Ñ 0. As the Xi are uniformly bounded, pSn ´ E rSnsq{n is

uniformly bounded (for all n P N) by the same constant. Hence, there is a constant K1 ą 0

such that |ainpSn ´ E rXisq| ď K1, because supnPN na
i
n ă 8. By Hölder’s inequality

|∆n,i| ď pu´1q1pzn,iq
n

2
E
“

pu2pZn,iq ´ u
2pE rXisqq

2
‰

1
2 E

“

painpSn ´ E rSnsq
4
‰

1
2

ď pu´1q1pzn,iq
n

2
E
“

pu2pZn,iq ´ u
2pE rXisqq

2
‰

1
2 E

“

painpSn ´ E rSnsq
2
‰

1
2 K1

“ pu´1q1pzn,iq
K1n

2
painq

2σ2
nE

“

pu2pZn,iq ´ u
2pE rXisqq

2
‰

1
2 .

pu´1q1pzn,iq is convergent, thus bounded, lim supnÑ8 npa
i
nq

2σ2
n “ c2

i , whereas

E
“

pu2pZn,iq ´ u
2pE rXisqq

2
‰

Ñ 0

by dominated convergence. l

B Pareto Optimal Allocations and Borch’s Condition

We recall that a function U : L1 Ñ R Y t´8u is upper semi-continuous whenever its upper

level sets Lk :“ tX P L1 | UpXq ě ku are closed in pL1,E r| ¨ |sq for all k P R.

Proposition B.1 Suppose that Ui : L1 Ñ RY t´8u are monotone, concave, and upper semi-

continuous functions, i “ 1, . . . , n. Moreover, suppose that u1, . . . , un : R Ñ R Y t´8u, i “
1, . . . , n, are increasing and strictly increasing and differentiable on the interior of the respective

domains int domui, i “ 1, . . . , n. Let X P L1 and suppose that the allocation pX1, . . . , Xnq P

AnpXq satisfies Borch’s condition:

there exist λ1, . . . , λn ą 0 such that λ1u
1
1pX1q “ . . . “ λnu

1
npXnq. (B.1)

Moreover, suppose that there is a probability measure Z P
Şn
i“1 domU˚i such that

UipuipXiqq “ E rZuipXiqs ´ U˚i pZq

27



for all i “ 1, . . . , n. Then pX1, . . . , Xnq is Pareto optimal. Here,

U˚i pZ̃q “ inf
XPL1

E
”

Z̃X
ı

´ UpXq, Z̃ P L8,

denotes the dual function of Ui, i “ 1 . . . , n.

Proof Note that by the Fenchel-Moreau theorem, [18, Part One, Proposition 3.1] we have for

all i “ 1, . . . , n

UipY q “ inf
Z̃PL8

E
”

Z̃Y
ı

´ U˚i pZ̃q. (B.2)

The Kuhn-Tucker theorem [40, Corollary 28.3.1] ensures that

n
ÿ

i“1

λiuipXiq ě

n
ÿ

i“1

λiuipYiq

for all pY1, . . . , Ynq P AnpXq. By monotonicity of the Ui we have that Z ě 0 and therefore also

n
ÿ

i“1

λiE rZuipXiqs ě

n
ÿ

i“1

λiE rZuipYiqs .

The condition on Z and (B.2) yield

n
ÿ

i“1

λiUipuipXiqq “

n
ÿ

i“1

λipE rZuipXiqs´U˚i pZqq ě
n
ÿ

i“1

λipE rZuipYiqs´U˚i pZqq ě
n
ÿ

i“1

λiUipuipYiqq.

Hence, Pareto optimality of pX1, . . . , Xnq follows. l

The proof of the following result is a straightforward generalization of the proof of Corol-

lary 4.7.

Corollary B.2 Let Ui “ Uµ, i “ 1, . . . , n, for µ P M1pp0, 1sq such that µpt0uq “ 0, and

suppose that
ż

p0,1s

1

λ
µpdλq ă 8.

Further, suppose that u1, . . . , un : R Ñ R Y t´8u, i “ 1, . . . , n, are increasing and strictly

increasing and differentiable on the interior of the respective domains int domui, i “ 1, . . . , n. If

the allocation pZ1, . . . , Znq P AnpXq of X P L1 satisfies Borch’s condition (B.1) and Zi “ fipXq

for some strictly increasing functions fi : R Ñ R, i “ 1, . . . , n, such that
řn
i“1 fi “ id, then

pZ1, . . . , Znq is Pareto optimal.

Example B.3 Consider the exponential utility functions uipxq “ 1 ´ expp´γixq, γi ą 0,

i “ 1, . . . , n. Then Borch’s condition (B.1) reads

λ1γ1 expp´γ1Z1q “ . . . “ λnγn expp´γnZnq
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for constants λi ą 0, i “ 1, . . . , n. This condition is satisfied if and only if Zi “
1
γi
aX ` bi,

i “ 1, . . . , n, for constants a, b1, . . . bn. The side constraint X “
řn
j“1 Zj implies

řn
j“1

1
γj
a “ 1

and
řn
j“1 bj “ 0. Hence, any allocation

Zi “
1

γi

˜

n
ÿ

j“1

1

γj

¸´1

X ` bi, i “ 1, . . . , n,

is Pareto optimal whenever Ui “ Uµ, i “ 1, . . . , n, for µ PMpp0, 1sq such that µpt0uq “ 0 and
ş

p0,1s
1
λµpdλq ă 8.
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